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Abstract. The aim of this review is to present an overview over available models and 
approaches to non-commutative gauge theory. Our main focus thereby is on gauge models 
formulated on flat Grocnewold-Moyal spaces and rcnormalizability, but we will also review 
other deformations and try to point out common features. This review will by no means be 
complete and cover all approaches, it rather reflects a highly biased selection. 
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1 Introduction 

Even in the early days of quantum mechanics and quantum field theory (QFT), continuous 
space-time and Lorentz symmetry were considered inappropriate to describe the small scale 
structure of the universe [T]. Four dimensional QFT suffers from infrared (IR) and ultraviolet 
(UV) divergences as well as from the divergence of the renormalized perturbation expansion. 
Despite the impressive agreement between theory and experiments and many attempts, these 
problems are not settled and remain a big challenge for theoretical physics. In [2] the intro- 
duction of a fundamental length is suggested to cure the UV divergences. H. Snyder was the 
first to formulate these ideas mathematically [3l S] and introduced non-commutative coordi- 
nates. Therefore a position uncertainty arises naturally. But the success of the (commutative) 
renormalization program made people forget about these ideas for some time. Only when the 
quantization of gravity was considered thoroughly, it became clear that the usual concepts of 
space-time are inadequate and that space-time has to be quantized or non-commutative, in 
some way. This situation has been analyzed in detail by S. Doplicher, K. Fredenhagen and 
J.E. Roberts in [5j. Measuring the distance between two particles, energy has to be deposited 
in that space-time region, proportional to the inverse distance. If the distance is of the order of 
the Planck length, the bailed energy curves space-time to such an extent that light will not be 
able to leave that region and generates a black hole. The limitations arising from the need to 
avoid the appearance of black holes during a measurement process lead to uncertainty relations 
between space-time coordinates. This already allows to catch a glimpse of the deep connection 
between gravity and non-commutative geometry, especially non-commutative gauge theory. We 
will provide some further comments on this later. At this point, one also has to mention the 
extensive work of A. Connes [6], who wrote the first book on the underlying mathematical 
concepts of non-commutative spacefl 

Non-commutative coordinates. In non-commutative quantum field theories, the coor- 
dinates themselves have to be considered as operators (denoted by hats) on some Hilbert 
space Ti, satisfying an algebra defined by commutation relations. In general, they have the form 

[x\x^]=iQ'^{x), (1.1) 



^ Also noteworthy, is the attempt of formulating the Standard Model of particle physics using so-called spectral 
action principle and ideas based on non-commutative geometry [H] [T] |8] . 
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where {x) might be any function of the generators with B*-' = — 0-^* and satisfying the Jacobi 
identity. Most commonly, the commutation relations are chosen to be either constant, linear or 
quadratic in the generators. In the canonical case the relations are constant, 

[x\ x^] = 19*^' = const. (1.2) 

This case will be discussed in Section [2j The linear or Lie-algebra case 



Al^x^ 



where A^'' S C are the structure constants, basically has been discussed in two different settings, 
namely fuzzy spaces [H [10] and K-deformation |1H \T7[ [T3] . Those approaches will keep us busy 
in Section 13.21 and Section 13.31 respectively. The third commonly used choice is a quadratic 
commutation relation. 



- SlSi x^x\ (1.3) 



1 ^ 

where Kf^i E C is the so-called i^-matrix, corresponding to quantum groups |141 115j. We will 
briefly comment on this case in Section 13.51 

Independent of the explicit form of G*-' , the commutative algebra of functions on space-time 
has to be replaced by the non-commutative algebra A generated by the coordinates x*, subject 
to the ideal X of relations generated by the commutation relations, 

A=^. 



However, there is an isomorphism mapping of the non-commutative function algebra A to the 
commutative one equipped with an additional non-commutative product -k, {A,-k}. This isomor- 
phism exists, iff the non-commutative algebra together with the chosen basis (ordering) satisfies 
the so-called Poincare-Birkhoff-Witt property, i.e. any monomial of order n can be written as 
a sum of the basis monomials of order n or smaller, by reordering and thereby using the algebra 
relations (|l.ip . Let us choose, for example, the basis of normal ordered monomials: 

1, x\ (x*i)"i • • • (x*™)"™, where ia < ib, for a < b. 

We can map the basis monomials in A onto the respective normally ordered basis elements of A 

W :A^A, 

X I— )■ X , 

x^x-' I—)- x'x-' = : x*x-^ :, for i < j. 

The ordering is indicated by : :. TV is an isomorphism of vector spaces. In order to extend W 
to an algebra isomorphism, we have to introduce a new non-commutative multiplication ★ in A. 
This star product is defined by 

W{f*g):=W{f)-W{g) = f-g, (1.4) 
where f,g€^A, f ,g £ A. Thus, an algebra isomorphism is established, 

(A*) = (A-). 
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The information about the non-commutativity of A is encoded in the star product. If we chose 
a symmetricany ordered basis, we can use the Weyl-quantization map for W 



where we have replaced the commutative coordinates by non-commutative ones in the inverse 
Fourier transformation (jl.Sp . The exponential takes care of the symmetrical ordering. Using 
equation (II. 4p . we get 



Because of the non-commutativity of the coordinates we have to apply the Baker-Campbell- 
Hausdorff (BCH) formula 

e^e^ = e^+e+^[^.-B]+^[[A,B],B]-i[[A,iJ],A]+-_ 

Clearly, we need to specify G*-' (x) in order to calculate the star product explicitly, which we will 
do in the respective sections. 

Non-commutative quantum field theory. Knowing about the structure of deformed 
spaces, we have to expose these ideas to the real world. We need to formulate models on 
them - first toy models, then more physical ones - and try to make testable predictions. In 
recent years, a lot of efforts have been made to construct Quantum Field Theories on non- 
commutative spaces. For some earlier reviews, see e.g. [161 1171 \TE[ I19j. In the present one, we 
will discuss new developments and emphasize renormalizability properties of the models under 
consideration. We will not discuss the transition from Euclidean to Minkowskian signature (or 
vice versa). This is still an open and undoubtedly very interesting question in non-commutative 
geometry. For a reference, see e.g. [20^ I21j. We will stay on either side and will not try to find 
a match for the theory on the other side. 

Scalar theories on deformed spaces have first been studied in a naive approach, replacing the 
pointwise product by the Groenewold-Moyal product |22p23|. corresponding to ()1.2p . T. Filk [2^ 
developed Feynman rules, and soon after S. Minwalla, M. van Raamsdonk and N. Seiberg [25] 
encountered a serious problem when considering perturbative expansions. Two different kinds of 
contributions arise: The planar loop contributions show the standard singularities which can be 
handled by a renormalization procedure. The non-planar ones are finite for generic momenta. 
However they become singular at exceptional momenta. The usual UV divergences are then 
reflected by new singularities in the IR. This effect is referred to as "UV/IR mixing" and is the 
most important feature for any non-commutative field theory. It also spoils the usual renorma- 
lization procedure: Inserting many such non-planar loops to a higher order diagram generates 
singularities of arbitrary inverse power. Without imposing a special structure such as supersym- 
metry, the renormalizability seemed lost [26]. Crucial progress was achieved when two different, 
independent approaches yielded a solution of this problem for the special case of a scalar four 
dimensional theory defined on the Euclidean canonically deformed space. Consequently, the 
renormalizability to all orders in perturbation theory could be showed. Both models modify the 
theory in the IR by adding a new term. These modifications alter the propagator and lead to 
a crucial damping behaviour in the IR. 

First, H. Crosse and R. Wulkenhaar [27^ I28j took the UV/IR mixing contributions properly 
into account through a modification of the free Lagrangian by adding an oscillator like term 
with parameter fi. This term modifies the spectrum of the free Hamiltonian. The harmonic 
oscillator term was obtained as a result of the renormalization proof. Remarkably, the model 
fulfills the so-called Langmann-Szabo duality [29] relating short and long distance behaviour. 





(1.5) 
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There are indications that even a constructive procedure might be possible and give a non-trivial 
(j)'^ model, which is currently under investigation |3U| . 

Then, the Orsay group around V. Rivasseau presented another renormalizable model preser- 
ving translational invariance [31], which we will refer to as the model. The UV/IR mixing 
is solved by a non-local additional term of the form (p^cf). 

There are attempts to generalize both of these models to the case of non-commutative gauge 
theory, which will be discussed in Sections 12.41 and 12.51 respectively. In the former approach 
(the so-called induced gauge theory), the starting point is the renormalizable, scalar Grosse- 
Wulkenhaar model. In a first step, the scalar field is coupled to an external gauge field. The 
dynamics of the gauge field can be extracted form the divergent contributions of the one- 
loop effective action [32^ I33j. This model contains explicit tadpole terms and therefore gives 
rise to a non-trivial vacuum. This problem has to be solved before the quantization and the 
renormalizability properties of the model can be studied. Recently, also a simplified version 
of the model has been discussed [34^ I35j . This model includes an oscillator potential for the 
gauge field, other terms occurring in the induced action, such as the tadpole terms, are omitted. 
Hence, the considered action is not gauge invariant, but BRST invariance could be established. 
Although the tadpoles are not present in the tree-level action, they appear as UV-counter terms 
at one-loop. Therefore, the induced action appears to be the better choice to study. Yet 
another approach in this direction exists, see [36]. The scalar Grosse-Wulkenhaar model can be 
interpreted as the action for the scalar field on a curved background space [37]. In [36] i a model 
for gauge fields has been constructed on the same curved space. 

In the latter approach, different ways of implementing the damping behaviour have been 
advertised. The quadratic divergence of a non-commutative U{1) gauge theory is known to be 
of the form 

(1.6) 

t^'^ (A:2)2 

where A:^ = Q^^ky . There are several possibilities to implement such a term in a gauge invariant 
way. In [38], the additional term 

i^M-, (1.7) 



where F^^ denotes the field strength and D^- = • — i(7[j4^ * •] the non-commutative covariant 
derivative, has been introduced in order to accommodate the IR divergences in the vacuum 
polarization. Since the covariant derivative contains gauge fields, equation (|1.7p is well defined 
only as a power-series in the gauge field. This would produce vertices with an arbitrary number 
of fields. Therefore, attempts have been made to localize the action by coupling them to 
unphysical auxiliary fields. There are several ways to implement this, resulting in models with 
different properties, and even a modified physical content [Ml HOI HH US]- In this respect one 
is led to the conclusion that only minimal couplings and the consequent construction of BRST 
doublet structures for all auxiliary fields result in a stable theory. In a recent development |43j , 
the IR damping behaviour was consistently implemented in the so-called "soft breaking" term - 
a method which is well known from the Gribov-Zwanziger approach to QCD |441 H5| I46j . In 
QCD, the soft-breaking is introduced in order to restrict the gauge fields to the first Gribov 
horizon which removes any residual gauge ambiguities, and thereby cures the Gribov problem, 
see Section 12.5.11 In other words, one introduces an additional gauge fixing in the IR without 
modifying the UV region, see also [U]. In the non-commutative case we have to deal with 
a similar problem: the IR region of the model requires a modification due to UV/IR mixing 
while the symmetries, which effectively contribute to the renormalizability in the UV, shall not 
be altered. 
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These two approaches resemble, in our opinion, the most promising candidates for a renor- 
mahzable model of non-commutative gauge theory. But since they are restricted to the canonical 
case, they have to be considered as toy models still. And certainly there are a lot more pro- 
posals which are interesting and will also be discussed here. Perhaps the most straightforward 
approach is given by an expansion in the small non-commutativity parameters. On canoni- 
cally deformed spaces this will be discussed in Section 12.21 but also for «;-deformed spaces in 
Section 13.21 Seiberg-Witten maps [H] relating the non-commutative fields to the commuta- 
tive ones (see Section 12.2. ip are used. On canonically deformed space-time and to first order 
in O, non-Abelian gauge models have been formulated e.g. in [49j . and also in [50j with special 
emphasis on the ambiguities originating from the Seiberg-Witten map. As a success of this ap- 
proach, a non-commutative version of the Standard Model could be constructed in |5 H I52 | [53]. 
By considering the expansion of the star products and the Seiberg-Witten maps only up to 
a certain order, the obtained theory is local. The model has the same number of coupling 
constants and fields as the commutative Standard Model. A perturbative expansion in the 
non-commutative parameter was considered up to first order. To zeroth order, the usual SM 
is recovered. At higher orders, new interactions occur. The renormalizability has been stud- 
ied up to one loop. The gauge sector by its own turns out to be renormalizable [54], but the 
fermions spoil the picture and bring non-renormalizable effects into the game [55]. This is also 
true for non-commutative QED (see [Ml [57j ) . Remarkably, for GUT inspired models [58l ISHl [60] 
one-loop multiplicative renormalizability of the matter sector could be established, at least on- 
shell. 

0-expanded theories resemble a systematic approach to physics beyond the Standard Model 
and to Lorentz symmetry breaking and opens up a vast field of possible phenomenological 
applications, see e.g. [HI [52l [62l [63l [Ml ES] . Effects intrinsically non-commutative in nature, 
such as the UV/IR mixing, are absent. Only when one considers the Seiberg-Witten maps to 
all orders in those effects reappear [66] [67]. 

A different approach has been suggested by A. A. Slavnov [681 EH] and will be discussed in 
some in detail in Section [2.31 Additional constraints are introduced for pure gauge theory. This 
approach has been explored in detail and developed further in |70 [ 171 1 [72]. 

The construction of models on x-dependent deformations is much more involved than the 
canonical case. Therefore, less results are known. In Section 13.21 we will discuss gauge models 
formulated on K-deformed spaces. The Seiberg-Witten approach was applied in [731 174] . where 
first order corrections to the undeformed models could be computed for an arbitrary compact 
gauge group. In a recent work |75] . phenomenological implications have been studied by genera- 
lizing that approach in a rather naive way to the Standard Model, thereby finding bounds for 
the non-commutativity scale. Furthermore, the modification of the classical Maxwell equations 
have been discussed in [76] . 

On the fuzzy spaces e.g., fields are represented by finite matrices. Different approaches to 
gauge theory on the fuzzy sphere have been proposed in [TT] [THl [THl [HOl [HH [82]. Also non- 
perturbative studies are available, see e.g. [83], where Monte Carlo simulations have been per- 
formed. These approaches will be discussed in Section 13.31 Related to the fuzzy sphere, also 
fuzzy CP^ |841 [85] has been considered. 

Gauge theory on g-deformed spaces have been discussed in [861 EH EHl EH [90] and will be 
reviewed briefly in Section 13.51 

In this review, we will not cover super symmetric theories, since that would be a review of 
its own. We only mention that in general, supersymmetric non- commutative models are "less 
divergent" than their non-supersymmetric counterparts - or even finite (e.g. in the case of the 
IKKT matrix model which corresponds to iV = 4 non-commutative super Yang-Mills theory |911 
[921 [93]). For some recent work on this topic, see e.g. [Ml [Ml [M] [Wl [M] [9^ [100 ] [TOTl [11)21 [11)31 [TO^ 
and references therein. 
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Relation with gravity. One of the motivations to introduce non-commutative coordinates 
was the idea to include gravitational effects into quantum field theory formulated on such 
deformed spaces. Having discussed non-commutative gauge models, let us pose the question, how 
these models are related to gravity. For a start, we will provide a simple example. Considering 
the Groenewold-Moyal product, Ui,{l) gauge transformation^ contain finite translations, see 
e.g. [IM]: 

gi{x)-k f{x)-kg\{x) = f{x + l), 

where gi{x) = e~'' ^'^ and 
9i{x)*gj{x) = 1. 

Gauge transformations contain at least some space-time diffeomorphisms. The exact relation is 
still unknown. 

However, the close relation with gravity is also studied in the framework of emergent gravit'^ 
from matrix models, see e.g. |109^lll0llllH[TT2llll3j . The UV/IR mixing terms are reinterpreted 
in terms of gravity. The starting point is a matrix model for non-commutative U {N) gauge 
theory. The mixing results from the C/(l)-sector and effectively describes SU{N) gauge theory 
coupled to gravity. This approach will be briefly described in Section 13. 4i 

Another relation has been discussed in |114t I115j . L. Preidel and E.R. Levine could show 
that a quantum field theory symmetric under Ac-deformed Poincare symmetry describes the 
effective dynamics of matter fields coupled to quantum gravity, after the integration over the 
gravitational degrees of freedom. 

Outline. This review contains two main parts: In the first part. Section [21 we will discuss 
gauge models on canonically deformed spaces. Starting from the early approaches in Section [2711 
we will treat G-expanded theories (Section 12. 2p employing Seiberg-Witten maps, discuss an 
approach initiated by A. A. Slavnov (Section 12. 3p and end up with the recent developments 
generalizing the Grosse-Wulkenhaar model (Section 12. 4p and the 1 /p'^ model (Section 12. 5p to 
the realm of non-commutative gauge theories. 

The second part. Section [Sj deals with more general, x-dependent deformations. We start 
with the twisted approach (Section 13. ip . which also includes the canonically deformed case as 
its simplest example, then we will focus on gauge models on K-deformed (Section 13. 2p and fuzzy 
spaces (Section 13. 3p . and conclude this section with reviewing the matrix model formulation in 
Section 13. 4[ 

We will then close with some concluding remarks in Section [H 

Conventions. Quantities with "hats" either refer to operator valued expressions {x^,f{x), 
. . . G {A, •)) or, in the context of Seiberg-Witten maps, to non-commutative fields and gauge 
parameters, respectively (^/^,y4,a, . . . G (A,*)) which can be expanded in terms of the ordinary 
commutative fields and gauge parameters {ip,A,a G (A,-)). Quantities with a "tilde" are 
contracted with Q/j^u- ba = Qfivh^ , or for an object with two indices: F = Q^yF^^'^; except for 
coordinates, where we define: = ^yx'^ . Furthermore, in Section [2. 5. 41 we use the matrix 9 
rather than for contractions, using the definition 

where e has mass dimension —2. 

^As explained in Section[2j (7*(1) denotes the star-deformed extension of the (7(1) gauge group. 
^Other approaches to emergent gravity from non-commutative Yang-Mills models using Seiberg-Witten maps 
have been discussed e.g. in [T06l [TOTl [T08] . 
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2 Canonical deformation 

In this section, we concentrate on canonically deformed four dimensional spaces. The commu- 
tator of space (-time) generators is given by 

where Q^^ is a real, constant and antisymmetric matrix. In what follows, we usually assume the 
following form for the deformation matrix 



/ 1 \ 

-10 

1 

V 0-10/ 



(2.1) 



for simplicity. The corresponding star product of functions is the so-called Groenewold-Moyal 
product 

(/*5)(^) = e^^"^'^^/(x)5(y)|^^,. (2.2) 



In general, the star product (j2.2p represents an infinite series. However, attempts have been 
made to make the star product local by introducing a bifermionic non-commutativity parame- 
ter |116j . so that this series becomes a finite one. 

The differential calculus is unmodified, and the derivatives therefore commute: 

[^^,^j]=0. 

Also, we can use the ordinary integral for the integration, and we note that it has some remark- 
able properties: First, one star can always be omitted and it shows the trace-property. 



f-kg = J d^x{f -kg){x) = J d*xf{x)g{x), 

j /l * /2 * • • • * /n = j /2 * • • • * /n * /l = j {f2 * ' ' ' * fn) ' fl- (2.3) 

Variation with respect to the function /2, e.g. is done in the following way: 

J^(^ J d^^ih* f2*----*^ fn){x) = J c^^a; (/2 ★•••★/„ * /i)(x) 

= 77^ / d'^^ h{x){h-^ ■ ■ ■ fn-*^ fi){x) = {h-k ■ ■ ■ -k fn-k h){y). 
Sf2{y) J 

In classical theory, the gauge parameter and the gauge field are Lie algebra valued. Gauge 
transformations form a closed Lie algebra: 

SaSf3-6p6a = 5_.^^^^y (2.4) 

where — i[a,/3] = a°'f3bfc^T'^, and T°' denote the generators of the Lie group. However, there 
is a striking difference to the non-commutative case. Let M"^ be some matrix basis of the 
enveloping algebra of the internal symmetry algebra. We can expand the gauge parameters in 
terms of this basis, a = aaM"', (3 = l^bM^. Then, two subsequent gauge transformations take 
the form 

SaSl3 - = S_. y^-^ . (2.5) 
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The ^-commutator of the gauge parameters is not Lie algebra valued any more: 

The difference to equation (|2.4|) is the anti-commutator |M", Af''}, respectively the ★-commu- 
tator of the gauge parameters, [ua * Pb] ■ This term causes the following problem: Let us assume 
that are the Lie algebra generators. The anti-commutator of two Hermitian matrices is again 
Hermitian. But the anti-commutator of traceless matrices is in general not traceless. Therefore, 
the gauge parameter will in general be enveloping algebra valued. It has been shown [1171 11181 
[TT91 [T201 [m] that only enveloping algebras, such as U{N) or 0{N) and USp{2N), survive 
the introduction of a deformed product (in the sense that commutators of algebra elements are 
again algebra elements), while e.g. SU{N) does not. Despite this fact, star-commutators in 
general do not vanish. Hence, any Groenewold-Moyal deformed gauge theory is of the non- 
Abelian type. In the general case, gauge fields and parameters now depend on infinitely many 
parameters, since the enveloping algebra on Groenewold-Moyal space is infinite dimensional. 
In order to emphasize this fact, we denote such algebras by U^{N), O^(A^), USpi,{2N), 
i.e. with subscript But nevertheless the parameters can be reduced to a finite number, 

namely the classical parameters, by the so-called Seiberg-Witten maps which we will discuss in 
Section [2X11 

Some non-perturbative results are available from lattice calculations |122[ I123j on the four- 
torus (i.e. periodic boundary conditions). There, space-time non-commutativity is assumed 
only in the {xi, X2}-plane, i.e. G12 = — G21 = G. A first order phase transition associated 
with the spontaneous breakdown of translational invariance in the non-commutative directions 
is observed. The order parameter is the open Wilson line carrying momentum. In the symmetric 
phase, the dispersion relation for the photon is modified: 



(Gp)2' 

where c is a constant. The IR singular contribution is responsible for the phase transition. In the 
broken phase, the dispersion relations is equal to the undeformed one. It shows the existence of 
a Goldstone mode associated to the spontaneous symmetry breaking. Non-perturbative results 
have also been obtained for the fuzzy sphere, see Section 13.31 

In Section [2. 11 we will review some early approaches to non-commutative U^,{N) gauge theo- 
ries, where in the commutative action the pointwise product has been replaced the Groenewold- 
Moyal product. Feynman rules have been calculated and above all renormalizability properties 
have been studied to one-loop. There, no expansion in the non-commutative parameters has 
been performed. Expanded models will be considered in Section 12.21 The gauge sectors turn 
out to be renormalizable, at least up to one-loop. But fermions are still not quite under con- 
trol and introduce non-renormalizable effects. Then, we turn to the approach introduced by 
A. A. Slavnov in Section 12.31 The latest developments (which go in yet other directions) are 
discussed in Sections 12.41 and 12. 5( respectively. These approaches generalize the strategies which 
have been successful in the case of scalar theories. 



2.1 Early approaches 

In this section we briefly review what we would like to call the "naive" attempts of introducing 
non- commutative actions, i.e. by considering those known from the commutative world and 
simply replacing pointwise by star products. We start with the non-commutative scalar (j)^ 
model and then continue to gauge theories. 
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2.1.1 Scalar field theories 

In replacing the ordinary pointwise product by the star product, a non-commutative extension 
to the scalar (j)'^ model is given by 

S = y"d^x ^a^(^*a^(/> + m2(/)*(^ + ★(/)★(/) ★(^y (2.6) 



The first one to consider this action was T. Filk [24] who derived the corresponding Feynman 
rules, noticing that - at least in Euclidean space ~ the propagator is exactly the same as in 
commutative space, i.e. G'^'^{k) = 1/A;^, while the vertex gains phase factors (in this case a com- 
bination of cosines) in the momenta. As a consequence, new types of Feynman graphs appear: 
In addition to the ones known from commutative space, where no phases depending on internal 
loop momenta appear and which exhibit the usual UV divergences, so-called non-planar graphs 
come into the game which are regularized by phases depending on internal momenta. Other 
authors [25l 11241 [93| 11251 1126j performed explicit one-loop calculations and discovered the infa- 
mous UV/IR mixing problem: Due to the phases in the non-planar graphs, their UV sector is 
regularized on the one hand, but on the other hand this regularization implies divergences for 
small external momenta instead. 

For example the two point tadpole graph (in 4-dimensional Euclidean space) is approximately 
given by the integral 



n(A,p) oc A / rf4fe 2 + cos(fcp) ^ ^uV(^) ^ ^iK^^y 



The planar contribution is as usual quadratically divergent in the UV cutoff A, i.e. 11^^ ~ A^, 
and the non-planar part is regularized by the cosine to 

1 

p2 



(2.7) 



which shows that the original UV divergence is not present any more, but reappears when p — ?• 
(where the phase is 1) representing a new kind of infrared divergence. Since both divergences 
are related to one another, one speaks of "UV/IR mixing". It is this mixing which renders the 
action (|2.6|) non-renormalizable at higher loop orders. 

2.1.2 Gauge field theories 

The pure star-deformed Yang-Mills (YM) action is given by 
Syu= I d''x(--F.,i.F^'A , 



where the field strength tensor is defined by 

Ff,u = df,Ay - d^Af, - ig[Af, * A^] = -i[£^ * A^] + i[i^ t A^] - ig[Af, * A^] . 

The corresponding Feynman rules for gauge field theories have been first worked out by 
CP. Martin and D. Sanchez-Ruiz [127] . M. Hayakawa included fermions [1281 I129| . which 
leads to the action 



with 

Df,A^ = df,A^ - ig[A^* A^]. 
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Hayakawa's loop calculations showed that UV/IR mixing is also present in gauge theories. In- 
dependently, A. Matusis et al. [53] derived the same result. Further early papers in this context 
are [1301 113H 11321 1133] . Explicitly, F. Ruiz Ruiz could even show that the quadratic and lin- 
ear IR divergences in the U{1) sector appear gauge independentl}Q [134] . and are therefore no 
gauge artefact. Furthermore, it was proven by using an interpolating gauge that quadratic IR 
divergences not only are independent of covariant gauges, but also of axial gauges [135] . As 
M. van Raamsdonk pointed out |136| . the IR singularities have a natural interpretation in terms 
of a matrix model formulation of YM theories. 

Regarding the group structure of the non-commutative YM theory, A. Armoni stressed the 
fact that SUi,{N) theory by itself is not consistent [1371 1138] . and one should rather con- 
sider U^,{N). In his computations, he showed that the planar sector leads to a /3-function 
with negative sign, i.e. a running coupling g, and that the infamous UV/IR mixing arises only 
in those graphs which have at least one external leg in the 17^,(1) subsector. Furthermore, in the 
limit 0—7-0, Ui,{N) does not converge to the usual SU{N) x U{1) commutative theory, which 
shows that the limit is non-trivial. One reason for this is that the /3-function is independent 
from 9, meaning that the U{1) coupling still runs in that limit. 

Nevertheless, up to one loop order, C/^(iV) YM theory is renormalizable in a BRST invariant 
way. Furthermore, the Slavnov-Taylor identity, the gauge fixing equation, and the ghost equa- 
tion hold |139j . As in the naive scalar model of the previous subsection, UV/IR mixing leads to 
non-renormalizability at higher loop order. 

Finally, the non-commutative two-torus has been studied by several authors [941 11401 1141^ 

m\. 

A deformation of the Standard Model is discussed in [143] . The authors start with the gauge 
group C/*(3) X Ui,{2) x C/*(l). In order to obtain the gauge group of the Standard Model one 
has to introduce a breaking and hence additional degrees of freedom. An alternative approach 
using Seiberg-Witten maps will be discussed in Section 12.2.21 

2.2 ©-expanded theory 

As one generally assumes the commutator Q^'^ to be very small (as mentioned in the introduc- 
tion perhaps even of the order of the Planck length squared), it certainly makes sense to also 
consider an expansion of a non-commutative theory in terms of that parameter. In the expanded 
approach, non-commutative gauge theory is based on essentially three principles, 

• Covariant coordinates, 

• Locality and classical limit, 

• Gauge equivalence conditions. 

Let ^ be a non-commutative field with infinitesimal gauge transformation 
5'4j{x) = \a'k ip{x), 

where a denotes the gauge parameter. The ★-product of a field and a coordinate does not 
transform covariantly, 

5{x -k ^{x)) = ix -k a{x) -k tjj[x) 7^ ia(x) -k xk 'il){x). 

Therefore, one has to introduce covariant coordinates |144j 

^However, as discussed in the introduction one can improve the divergence behaviour by introduction of 
supersymmetry. 
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such that 

Hence, covariant coordinates and the gauge potential transform under a non-commutative gauge 
transformation in the following way 

= i[a1X^], g6A^ = iG;i [a 1 x"] +ig[a* A^] , 

where we have assumed that Q is non-degenerate. Other covariant objects can be constructed 
from covariant coordinates, such as the field strength, 

2.2.1 Seiberg Witten maps 

For simplicity, we will set the coupling constant g = 1 in this section. The star product can be 
written as an expansion in a formal parameter e, 

oo 

f*g = f-g + Y.e^Cn{f,g). 

n=l 

In the commutative limit e — )• 0, the star product reduces to the pointwise product of functions. 
One may ask, if there is a similar commutative limit for the fields. The solution to this question 
was given for Abelian gauge groups by [48] . 

A^[A] = Af, + {Ard^Af, + F^^Ar) + ©(e^), 

S = a + |r^A^a^a + 0(e2). 

The origin of this map lies in string theory. It is there that gauge invariance depends on the 
regularization scheme applied [l8]. Pauli-Villars regularization provides us with classical gauge 
invariance 

6Ai = diX, 

whence point-splitting regularization comes up with non-commutative gauge invariance 
5xAi = diA + [[A^ A,]. 

N. Seiberg and E. Witten argued that consequently there must be a local map from ordinary 
gauge theory to non-commutative gauge theory 

A[A], AIX,A], 

satisfying 

A[A + 6xA] = A[A] + 5xA[A] , (2.8) 

where 5^ denotes an ordinary gauge transformation and 5a a non-commutative one. The Seiberg- 
Witten (SW) maps are solutions of the so-called "gauge-equivalence relation" (|2.8p . The solu- 
tions are not unique. Their ambiguities have been discussed in detail e.g. in [20] using local 
BRST cohomology. 



Gauge Theories on Deformed Spaces 



13 



By locality we mean that in each order in the non-commutativity parameter e there is only 
a finite number of derivatives. Let us remember that we consider arbitrary gauge groups. The 
non-commutative gauge fields A and gauge parameters A are enveloping algebra valued. Let us 
choose a symmetric basis in the enveloping algebra, T", ^{T'^T^ + T'^T"'), . . . , such that 

Aix) = Aa{x)T- + Al{x) ■.T-T'':+--- , 
M^) = A^a{x)T'' + \ab{x) : T'^T' :+•••. 

Equation (j2.8p defines the SW maps for the gauge field and the gauge parameter. However, 
it is more practical to find equations for the gauge parameter and the gauge field alone |49j . 
First, we will concentrate on the gauge parameters A. We already encountered the consistency 
condition 

which more explicitly reads 

idJ[A] - i6^a[A] + [a[A] - p[A]] = {[^])[A]. (2.9) 
We can expand S in terms of e, 

a[A] = a + a^[A] + a^[A] + 0{e^) , 
where q" is The consistency relation (j2.9p can be solved order by order in e: 

0**" order : a° = a, 

1'' order : = ^9'"'{d^a, A,} = ^Qf^'^d^aaA^b : T^T^ : . (2.10) 

For fields ip the condition 

6ai^[A] = 6aii^[A] = ia[A]i.ip[A] (2.11) 

has to be satisfied. In other words, the ordinary gauge transformation induces a non-commuta- 
tive gauge transformation. We expand the fields in terms of the non-commutativity 

ip = ^^ + ^P^[A]+^P^[A] + ■■■ , 
and solve equation ()2.1ip order by order in e. In first order, we have to find a solution to 

6aTp'^[A] = iaV'^ + iaV - ^9^"'^^a^^i;. 
It is given by 

O**" order : V° = ^, 

1^* order: = + ^^'^"^M^.V'- (2.12) 

The gauge fields have to satisfy 

6aMA] = d^a[A] +i[a[A] * \[A]\ . (2.13) 
Using the expansion 

A,[A]=Al + Al[A]+Al[A] + ... , 
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and solving (j2.13p order by order, we end up with 
O*'^ order : A° = A^, 

1^* order : 4 = "l^^'^l^., d,A^ + F,^}, (2.14) 
where Fj^^ = — dfj_Ai, — i[Ay, A^] . Similarly, we have for the field strength 
SaFfiu = i[a, Ff^^] and 

F^. = F^, + - |r^{A<x, {dr + Vr)F^,}, 

where Vf^Fru = dfj.Fru - i[Afj^,Fru] ■ 
2.2.2 NC Standard Model 

We start with the commutative Standard Model action and replace the respective fields, e.g. 
fermions ^ and vector potentials V^, by their Seiberg-Witten counterparts V^], V^[Vi/], see 
|5 H I145| . Therefore, the non-commutative action reads 

3 3 



i=l i=l 

d^J-triF^^irF'^'' - [ d^x^tr^F^.i.F^''' - [ d^x^tv^F^, i.F^''' 
2g' J 2g J 2gs 



+ 



Apo(^)"^ * Po(^) * Poi'^V * Poi'^) 



- E fe(gi'^*PQ(S))*ugVGr2g^(PQ(l)U 

- E [o'li^^L ^PQm^d^l^UGffn *{pq{W ^Qf))^ (2.15) 

There is a lot of new notation which we now will gradually introduce. We have to emphasize 
that there is an ambiguity in the choice of the kinetic terms for the gauge fields. In the commu- 
tative case, gauge invariance and renormalizability uniquely determine the dynamics. However, 
a principal like renormalizability is not applicable here. Before we come back to this problem, 
let us briefly define the particle content and some of the symbols. Left handed fermions are 
denoted by ^ l, leptons by L and quarks by Q, ^ r stands for the right handed fermions: 



I ^R 



« I, $ 

R 



The index (i) G {1,2, 3} denotes the generations, and (/)~^ and (f)^ are the complex scalar fields of 
the scalar Higgs doublet. The gauge group of the Standard Model is SU{3)c x SU{2)l x U{1)y- 
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The Seiberg-Witten map of a tensor product of gauge groups is not uniquely defined |146j . We 
will discuss here only the most symmetric choice. The commutative gauge field is given by 

3 8 

V, = g'A,{x)Y + I + ^^Y. 

a=l a=l 

where g'Af^{x) corresponds to the hypercharge symmetry U{1)y, B^{x) = ^B^a{x)(y°' to the 
weak SU{2)i, and G^{x) = ^G^a{x)X"' to the strong interaction SU{3)c- The Pauli matrices 
are denoted by a^, b = 1,2,3 and the Gell-Mann matrices by A", a = 1, . . . , 8. The according 
gauge parameter has the form 

3 8 

A = g'a{x)Y + | ^ a^{x)a'^ + ^ ^ a^(x)A^ 

a=l b=l 

The Seiberg-Witten maps are given by equations (j2.10p . (j2.12p and (|2.14p . respectively. 

Let us now consider the Yukawa coupling terms in equation (12.150 and their behaviour under 
gauge transformations. They involve products of three fields, e.g. 



(2.16) 



Only in the case of commutative space-time does $ commute with the generators of the U{1)y 
and SU (3)c groups. Therefore, the Higgs field needs to transform from both sides in order to 

"cancel charges" from the fields on either side (e.g., and e^^ in ()2.16p ). The expansion 
of $ transforming on the left and on the right under arbitrary gauge groups is called hybrid SW 
map [51], 

1 



with gauge transformation 5<1> = iA ★ $ — i<l> * A'. In the above Yukawa term ()2.16p . we have 

pl($) = $[</., y,^'], with 



We need a different representation for in each of the Yukawa couplings: 
/Oq($) = $ 



6' 

^A^ + gB-^Tl + gsGlTl, A. - gsCm 



The respective sum of the gauge fields on both sides gives the proper quantum numbers for the 
Higgs field. 

As we have mentioned earlier, the kinetic terms for the gauge field in the classical theory are 
determined uniquely by the requirements of gauge invariance and renormalizability. In the non- 
commutative case, we do not have a principle like renormalizability at hand. Gauge invariance 
alone does not fix these terms in the Lagrangian. Therefore, the representations to be used in 
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the trace of the kinetic terms for the gauge bosons are not uniquely determined. For the simplest 
choice - leading to the so-called Minimal Non-Commutative Standard Model, we have the form 
displayed in the action (j2.15p . 



1 



2g' ^ 



25 



^gs 



where tri denotes the trace over the U{1)y sector with 




y = i 

2 



-1 



tr2 and trs are the usual SU{2)l and 5C/(3)c matrix traces, respectively. On the other hand, 
in considering a Standard Model originating from a SO (10) GUT theory |146| . these terms are 
fixed uniquely. 

A perhaps more physical {non-minimal) version of the Non-Commutative Standard Model is 
obtained, if we consider a charge matrix Y containing all the fields of the Standard Model with 
covariant derivatives acting on them. For the simplicity of presentation we will only consider 
one family of fermions and quarks. Then the charge matrix has the form 



/ -1 



Y 



-1/2 



-1/2 



2/3 



2/3 



2/3 



-1/3 



v 



The kinetic term for the gauge field is then given by 

1 



gauge 



F -k F^^" 



where F^i, = df^V^, — dyV^ — [[V^ * Vy\ . The operator G encodes the coupling constants of the 
theory. 

The last missing ingredient to equation (12.15P is the representation pQ of the Higgs field: 



Po($) = </> + Po(0')+O(e'), 



with 



The full action expanded up to first order in the non-commutative parameters and the respective 
Feynman rules can be found in [5111521 [53] . The expansion up to second order has been discussed 
in [147 1 [1481 [T49] . 

Let us emphasize here, that there is no problem with different charges. Because of its non- 
Abelian nature, the non-commutative photon can only couple to particles with charges itg and 
[1291 1145] . Hence, for a particle with charge (f different from or —q another non-commu- 
tative photon has to be introduced. But due to the Seiberg-Witten map, no new degrees of 
freedom are added, since the expansions of all non-commutative photons only depend on the 
one commutative field. 
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The special of case of 0-deformed QED has been discussed in |150j and |151j . In the latter 
reference, Q^'^ has been promoted to a Lorentz tensor. 

Some results on the renormalizability of G-expanded theories are also available. In general, 
we can say that the gauge sector alone is much better behaved than the situation where matter 
is included. Already for QED, evidence is found that the gauge sector is renormalizable. The 
photon self energy turns out to be renormalizable to all orders both in Q and h [56], see also |152j . 
Heavy use is made of the enormous freedom available in the Seiberg-Witten maps. However, if 
one tries to include matter fields the renormalizability is lost [57^ [55] . 

The same holds true in the case of the non-commutative Standard Model, at least to one-loop 
and first order in Q. The renormalizability of the gauge sector of a non-minimal non-commuta- 
tive Standard Model was studied in [5l], whereas pure SU (N) gauge theory was discussed in \153\ 
1154] . In both cases, the model is one-loop renormalizable. The freedom in the Seiberg-Witten 
maps is fixed - to this order - by the renormalizability condition. One further encouraging step 
could be performed in [155] . where the authors could show that in non-commutative chiral U{1) 
and SU{2) gauge theory the 4-fermion vertex is UV finite, again to one-loop and first order 
in G. In previous models with Dirac fermions, this vertex resembled one reason for their non- 
renormalizability. The same result was obtained for GUT inspired models [156] . First steps 
to include the fermionic sector have been performed in [59] in the case of the non-commuta- 
tive Standard Model. GUT inspired theories have been studied in |59[ 160]. where the authors 
computed the UV divergent contributions to the one-loop background field effective action. 
Remarkably, they could show by explicit calculations that even the matter sector is one-loop 
multiplicatively renormalizable, at least on-shell. 

Non-commutative anomalies have been calculated in [1571 1158] , in the latter reference for non- 
commutative SU{N); there, the anomaly could be related to the Atiyah-Singer index theorem, 
whereas in [159] it could be showed that Seiberg-Witten expanded gauge theories have the same 
one-loop anomalies as their commutative counterparts. 

As we have mentioned earlier, the Seiberg-Witten maps give rise to new couplings and decay 
modes, which might be forbidden or highly suppressed in the commutative Standard Model [61] . 
As an example let us mention the coupling of photons to neutral particles, and the decay 
Z — )• 77. Prom the study of such processes one can obtain bounds on the non-commutativity 
scale |52[ [62] [63] . For some general references on non-commutative particle phenomenology, see 
e.g. [1601 11611 11621 1163] and references therein. The Seiberg-Witten map has also been applied 
to astrophysical scenarios. In |64 [ 1164] . left and right-handed neutrinos are coupled to photons. 
Bounds for the non-commutative scale are presented from estimates for the induced energy loss 
in stars [M] and from comparison of Dirac/Majorana neutrino dipole moments [164] . Big bang 
nucleosynthesis is used in [65] in order to constrain the scale of non-commutative effects. 

In the following sections, we will discuss some non-commutative gauge models formulated 
without explicit expansions in the non-commutativity parameter G'^'^, where the main goal is to 
overcome the UV/IR mixing problem. 



2.3 The Slavnov approach 

In 2003, A. A. Slavnov |68[ [69] suggested a way of dealing with arising IR singularities in non- 
commutative gauge theories by adding a further term in the action. This Slavnov term has the 
form 



where Q^'^ is once again the deformation parameter of non-commutative space-time, -F^i/ = 
dij,Ai, — dyA^ — ig [A^ * A,y^ is the field strength tensor, and A is a dynamical multiplier f ielcH 



^We will clarify what is meant by "dynamical multiplier field" in a moment. 
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leading to a new kind of constraint. This constraint modifies the gauge field propagator G'^^{k) 
in such a way that it becomes transverse with respect to = Q^^ky. This is important, since the 
vacuum polarization li^^ of (4-dimensional) gauge theories is characterized by the quadratically 
IR singular structure given in equation (|1.6p . which is proportional to ~ k^k'^ /{k"^)"^ (where k^ 
represents the external momentum). Higher loop insertions of the IR divergent IlJ^_jj^ into 
internal gauge boson loops therefore vanish. Slavnov's idea was motivated by the results of one 
loop calculations of non-commutative gauge theories previously done by M. Hayakawa |128j and 
others revealing that the leading IR divergent term has the form (jl.6p . which incidentally is 
gauge independent [1341 1135j - and this gauge independence survives after adding the Slavnov 
term [70] . 

Furthermore, it was shown [7HI72j that the Slavnov term may be identified with a topological 
term similar to the BF models [1651 1166] 11671 ^168] . e.g.: 

52-dim-BF = j cfxBe^^'^F^,. 

However, the Slavnov term leads to new Feynman rules involving propagators and vertices of 
the multiplier field A (which is why we previously have emphasized that it is a dynamical field). 
This means one has to deal with additional (and potentially divergent) Feynman graphs. 



2.3.1 The Slavnov-extended action and its symmetries 

In [7T], the following action in 3+1 dimensional Minkowski space with commuting time, i.e. 
00* = (and for simplicity also Q*-' = Oe*-' where e*-' is the 2 dimensional Levi-Civita symbol), 
was considered: 

S = j (fx (^-^Ff,u i. F^"" + ^\i.e'^Fij + hi. n'Ai-ci^n' Di^ . (2.17) 

The axial gauge fixing was chosen to coincide with the non-commutative plane (a;i,X2), i.e. 
i G {1, 2}. With these choices the Slavnov term, together with the gauge fixing terms, have the 
form of a 2-dimensional topological BF model (cf. [7l] and references therein). This action is 
invariant under the BRST transformations 

sA^ = D^c, sc = b, 

sX = —ig [A, c], sb = 0, 

sc = — [c,cj, s =0, 

and additionally the gauge fixed action is invariant under a (non-physical) linear vector super- 
symmetry ( VSUSY), whose field transformations are 

5/^^ = 0, 5iC = Ai, 

5iC = 0, 6ib = diC, 

5iX = ^n^c, 5^ = 0. (2.18) 

Since the operator 5i lowers the ghost-number by one unit, it represents an antiderivation (very 
much like the BRST operator s which raises the ghost-number by one unit). One has to note, 
that only the interplay of appropriate choices for Q^'^ and lead to the existence of the VSUSY. 
In contrast to the pure topological theories, there is an additional vectorial symmetry: 



6iAj = -Fij, 6i\ = -^DkF^^, 5i^ = for all other fields. 
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This further symmetry (which does not change the ghost number) is in fact a (non-hnear) 
symmetry of the gauge invariant action. Its existence is due to the presence of the Yang-Mihs 
part of the action which, in contrast to the BF-type part, involves also and ^43. Notice 
that the algebra involving s, 6i, 5i and the (xi, X2)-plane translation generator di closes on-shell 
(cf. [ZI])- (The reader not interested in the technical details of deriving the total action and 
related Ward identities, may proceed directly to their consequences on page [211) 

In order to derive a Slavnov-Taylor (ST) identity expressing the invariance of an appropriate 
total action Stot under the symmetries discussed above, one can combine the various symmetry 
operators into a generalized BRST operator that we denote by A: 

^ = s + ^-d + e'5i + ii'k with i-d = edi. (2.19) 

Here, the constant parameters ^'^ and /U* have ghost number 1, and has ghost number 2. The 
induced field variations read 

AAi = DiC + i-dAi, 

AAj = Djc + C-dAj + fi'Fj,, 

AA = -ig [A, c]+^-dX + e'^n^c + ^i'^DkF^^, 



Ac = 1^ [c,c] + C • dc + e'Ai, 
Ac = b + ^-dc, 

Ab = C-db + e-dc, (2.20) 

and imposing that the parameters e* and /x* transform as 

Af = A^* = -e^ As' = 0, (2.21) 

one concludes that the operator (|2.19p is nilpotent on-shell. Finally, one has to introduce an 
external field <I>* (i.e. an antifield in the terminology of Batalin and Vilkovisky |169[ 1170] ) for 
each field $ G {^^,A, c} since the latter transform non-linear ly under the BRST variations - 
see e.g. |171j . In view of the transformation laws (|2.20|) and (|2.21|) . the ST identity then reads 



+ g.a. + e.a^)^|l}-e-(^ + ^). (2.22) 

This functional equation is supplemented with the gauge-fixing condition 

^=n%. (2.23) 
do 

Total action. By differentiating the ST identity with respect to the field b, one finds 
i.e., by virtue of (j2.23p . the so-called ghost equation: 



GStot = ^-d{n'Ai). 



(2.24) 
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The associated homogeneous equation QS = is solved by functionals which we denote . . . ] 

and which depend on the variables A*^ and c only through the shifted antifield 

A*' = A*' - n'c. (2.25) 

Thus, the functional 5'tot [A, X, c, c, b; A* , X* , c* ; ^, fi, e] which solves both the ghost equation (|2.24|) 
and the gauge-fixing condition (j2.23p has the form 

Stot = J d^x{b + ^-dc)n'A + S[A,X,c;A*\A*-^,X*,c*;^,fi,e], (2.26) 

where the 6-dependent term ensures the validity of condition (j2.23p . 

By substituting expression (12.26P into the ST identity (12.22p . one concludes that the latter 
equation is satisfied if S solves the reduced ST identity 

= fi(S). V + (2.27) 



Here, <&* collectively denotes all antifields, but with A*' replaced by the shifted antifield (j2.25p . 
Following standard practise |171j . we introduce the following notation for the external sources 
in order to make the formulae clearer: 

p^' = A*^', 7 = X*, a = c*, p' = A*\ 

It can be verified in the usual way (e.g. see |171| ) that the solution of the reduced ST identi- 
ty OTTTI) is given h^E 

S = I d^xj -^F^.F^'^ + ^Xe'^Fij + p' {Dic + ^ • OA,) + / {Djc + C ■ dAj + p'Fj,) 

+ 7 [-ig[X, c]+C-dX + p'^JDkF^'') + a [c, c] + ^ 9c + e'A, 

+ (^f(I^V)+.^f^-.^^(A7))7}. (2.28) 
Note that 

S — 5'inv ~l~ 'S'antifields ~l" '^'quadratic ) 

where 5inv is the gauge invariant part (i.e. the first two terms) of the action (|2.17p . S'antifields 
represents the linear coupling of the shifted antifields to the generalized BRST transfor- 
mations ()2.20p (the c-dependent term being omitted) and ^quadratic, which is quadratic in the 
shifted antifields, reflects the contact terms appearing in the closure relations A^$. 

Ward identities. The Ward identities describing the (non-)invariance of Stot under the 
VSUSY variations (5i, the vectorial symmetry transformations bi and the translations di can be 
derived from the ST identity (|2.22p by differentiating this identity with respect to the corre- 
sponding constant ghosts e*, /i* and respectively. 

For instance, by differentiating (I2.22p with respect to ^ and by taking the gauge-fixing 
condition (|2.23p into account, one obtains the Ward identity for translation symmetry: 



= ^5(Stot) = / d'^9i^ 



6Si 



tot 



6ip ' 



^Simply insert (|2.28p into (|2.27p to check that it really solves the ST identity. 
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where (p G {A^, A, c, c, 6; ^* , A*, c*}. By differentiating (|2.22p with respect to e*, we obtain 
a broken Ward identity for the VSUSY: 

with 

^Stot 



and 

A, = A, 
A 

b. 



6\ 



Note that the field variations given by ()2.29p extend the VSUSY transformations (12.180 by 
source dependent terms. It is the presence of the sources which leads to a breaking Aj of the 
VSUSY. 

In the same spirit, the broken Ward identity for the bosonic vectorial symmetry 5i is obtained 
by differentiating the ST identity (I2.22|) with respect to One finds: 

+ 'JDkD^^^-^ - (d,p^ + '-fDW^j + ig'-f [F^^r' ^ 



Spj v"^ ■ e ' ' ^ e ' ' "J 6p^ 

+ i^/^^- [/, 7] ^ } = - / d'xfe^ {D^P^ r 

Consequences. The linear VSUSY, in particular, has some important consequences which 
shall now be discussed: The generating functional Z*^ of the connected Green functions is given 
by the Legendre transform of the generating functional T of the one-particle irreducible Green 
functions. At the classical level (tree graph approximation) one has T ~ S, and hence for 
vanishing antifields the Ward identity describing the linear vector supersymmetry in terms 
of in the tree graph approximation is given by 

where {j'^, jx, jb, jc, jc} are sources of {A^, X,b,c,c}, respectively. Varying this expression with 
respect to jc and yields for the gauge field propagator: 

Ga^a, = 0. (2.30) 

In other words, as soon as one of its indices is either 1 or 2, the gauge field propagator is zero. 
As the AAA- vertex is proportional to Qij, which in this model is non- vanishing only in the 
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Figure 1. The XAA-vertex contracted with a photon propagator vanishes. 



(xi, X2)-plane, relation (j2.30p has the following important consequence for the Feynman graphs: 
The combination of gauge boson propagator and XAA vertex is zero (see Fig. [1]). 

Furthermore, it is impossible to construct a closed loop including a A^^-vertex without 
having such a combination somewhere. Hence, all loop graphs involving the XAA-vertex vanish. 

In particular, dangerous vacuum polarization insertions involving the additional Feynman 
rules (i.e. the A-propagator, the mixed AA-propagator and the A^A-vertex) vanish. This is the 
reason, why the model is free of the most dangerous, i.e. the quadratic, infrared singularities, as 
pointed out by Slavnov [69] for the special case of = (0, 1, 0, 0). 



2.3.2 Further generalization of the Slavnov trick 

Now the question arises whether one can show the cancellation of IR singular Feynman graphs 
for a more general choice of G'^^ and n'^. The answer is yes, but one has to impose stronger 
Slavnov constraints. The initial Slavnov constraint was Q^^Fi2 + G^^-Fi3 + 0^'^i<23 = and with 
"stronger" we mean that each term in the sum should vanish separately. Upon imposing these 
stronger conditions one may write for the action (cf. |72j): 



S'mv — I d x 



with i,j,k G {1,2,3}. This action looks like a 3 dimensional BF model coupled to Maxwell 
theory. As in the pure BF-case, the action has two gauge symmetries 

5glA^ = D^k, 5g2A^ = 0, 

5giXk = -ig[Xk,k\, dg2Xk = DkA'. 

Similar to the previous model, we have an additional bosonic vector symmetry of the gauge 
invariant action: 

5iAo = -Fio, liXj = eijkDoF^'', SiAj = 0. 

There is, however, a difference to the previous case: The additional vectorial symmetry is broken 
when fixing the second gauge symmetry 6g2- 

If one considers a space-like axial gauge fixing of the forrrfl 

Sgf = j d'^x [bn'Ai + d'n^Xi - cn'DiC - (pn'Dicj)] , 

the gauge fixed action is invariant under the linear VSUSY 

5iC = Ai, 5iXj = -Cijkn'^c, 6ib = diC, 
= for all other fields. 



^d' = d — ig[(fi, c] is the redefined multiplier field fixing the second gauge freedom 5g2. 
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in addition to the usual BRST invariance. The Ward identity describing the hnear vector 
super symmetry in terms of at the classical level is given by 



. ^5Z^ .6Z^ ..^^5Z^ 
JbOi^. jcYl- + ^ijkn-'jx-F- 



0. 



Hence, the same arguments as before show the absence of IR singular graphs. However, the 
model exhibits numerous further symmetries which have been discussed in [72j . 

One should also note, that a generalization to higher dimensional models is possible. For 
example if A had n indices the VSUSY would become 

after appropriate redefinitions of Lagrange multipliers. 

In conclusion, one can state that Slavnov-extended Yang-Mills theory can be shown to be free 
of the worst infrared singularities, if the Slavnov term is of BF-type. Furthermore, supersym- 
metry, in the form of VSUSY, seems to play a decisive role in theories which are not Poincare 
supersymmetric. Another open question is what role the VSUSY plays with respect to UV/IR 
mixing in topological NCGFT in general. 

However, a general proof of renormalizability for this type of models is still missing. Further- 
more, the Slavnov-extended models have a major drawback: The Slavnov constraint reduces 
the degrees of freedom of a gauge model (see [69]) and hence it seems that it does not describe 
non-commutative "photons" . 



2.4 Models with oscillator term 

To avoid the UV/IR mixing problem, several models which involve an oscillator like counter term 
have been put forward. On the one hand such models break translation invariance due to the 
explicit x-dependence of the action, but on the other hand they in general show a much better 
divergence behaviour at higher loops or are even (in the case of the scalar Grosse-Wulkenhaar 
model) proven to be renormalizable. In the following, we will present the Grosse-Wulkenhaar 
model followed by three gauge models based on similar ideas. 



2.4.1 The Grosse Wulkenhaar model 

In 2004, the first renormalizable non-commutative scalar field model (in Euclidean H^) was 
introduced by H. Grosse and R. Wulkenhaar [28] (for a Minkowskian version see reference |172j ). 
Their trick was to add a harmonic oscillator-like term to the action 

S[4>\ = j d^x(^d^cpkd^4> + ^4>*4> + ^{x(t>)^{x(^) + j,fP*^*^^^, (2.31) 

with x^ = {Q^u)~^ Xi, {@f_iu constant and antisymmetric). This action cures the infamous UV/IR 
mixing problem. Indeed, for the bad IR-behaviour found in the naive model (triggered by the 
kinetic part of the action), the oscillator term acts as a sort of counter term. By exchanging 
x ■v^ p one can see that the action stays form invariant: 

This symmetry is called Langmann-Szabo duality [2^, and at the self dual point, $7 = 1, it is 
even exact. 



17 ' ' J7 
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The propagator of the model is the inverse of the operator (—A + + /Xq), and is cahed 
the Mehler kernel 1271 . It takes the form 

^ (u^ coth tanh w/^qCk 



oo 



Att'^u) sinh^ a 



with ui = ^,u = x — y being a short variable and v = x + y being a long variable. This notation 
has been introduced by V. Rivasseau et al. |173j . They confirmed the renormalizability of the 
model by making use of a technique called Multiscale Analysis, additionally to the renormaliza- 
tion proof of H. Grosse and R. Wulkenhaar which has been given in the matrix base employing 
the Polchinski approach. 

The Mehler kernel features a damping behaviour for high momenta (UV) as well as for low 
momenta (IR). One can see this by comparison with the heat kernel, which is the inverse of 
Hq = — A + and has the form 

oo 

For /io = 0, one finds the well-known form of the undamped propagator after integrating over a 



-1 



1 







M^[x-yY' 



When setting y = and (jlq = Q in the Mehler kernel, one can perform the integration over the 
auxiliary Schwinger parameter and obtain 

£3 A, , 

Km{x) 



9 9 



which shows that the Mehler kernel has a much stronger convergence behaviour for large values 
of X, corresponding to small values of p. However, the price to pay seems to be that trans- 
lation invariance is broken, which can be seen directly in the action, because of the explicit 
x-dependence of the oscillator term x^cjp'. Recently, as discussed in Section [2.4.41 it has been 
shown that this term can be interpreted as a coupling to the curvature of a background space, 
giving it a nice geometrical interpretation. 

The renormalizability of the model can also be beautifully illustrated by a quick glance at 
the beta function for A, which can be found for example in |174j . In contrast to the naive scalar 
model (without oscillator term) the beta function becomes constant for high energies. Hence it 
does not diverge, and is therefore free of the Landau ghost problem [1751 1176t I177j . 



2.4.2 Extension to gauge theories 

The aim is to obtain propagators for gauge models with a damping behaviour similar to the 
Mehler kernel in the scalar case. Since an oscillator term Q'^x'^A^ is not gauge invariant, there 
are more or less two possible ways to construct the model: either one adds further terms in 
order to make the action gauge invariant (which will be discussed in the following section) or 
one views the oscillator term as part of the gauge fixing. H. Grosse, M. Schweda and one of the 
present authors (D. Blaschke) put forward a model which follows the latter approach [34]. The 
action is given by 

p(o) _ ^.^^ _j_ _j_ ^ „^ 
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'-'inv 
'S'm 



4 



j (fx {]^{Xf, 1 Ay] -k {x^ t Ay] + {Xf, 1 c} -k {x^ * c}^ = ^ J 



d^X 



b -k d^Af, - -b-kb-c-k df,sA^ 



02 



-C^ 'k S 



(2.32) 



with 



F, 
C 



fiu — dfiAy — dyAfi — ig * Ay'j 



Ay}* Ay} + [{xf,*c}U] + [ct {x^ tc}]), 



The gauge field A^ transforms under the non-commutative generahzation of a J7 (1) gauge trans- 
formation which is infinite by construction of the non-commutative algebra. Once more, we 
denote the gauge group by C4(l) in order to distinguish it from the commutative U{1) gauge 



group 



The multiplier field b implements a non-linear gauge fixing: 
=df,Af,-b+—i^[{x^U}lCf,] - {x^* [ct^U]} 



0. 



The field is an additional multiplier field which guarantees the BRST-invariance of the action. 
The BRST-transformations are given by 



sA,, 



sc = igc k c, 



sc = b, 
sb = 0, 



sXfj_ = 0, 



s'^ip = 0\/ ip € {Af,, b, c, c, Cf,} , 



(2.33) 



Since transforms into x^, the part of the action including the Lagrange- multiplier field 
exactly cancels with Sm under the application of the BRST-operator s onto the whole action. 
With these BRST transformations the action (|2.32p can be written in the following beautiful 
form: 



r(o) 



d'^x ( ^Ff,y -kF^y + s 



^2 1 

— ★ + c ★ d^Afj, - -^c-kb 



Feynman rules. When we assume Q^y to be antisymmetric and constant, i.e. 

/ 1 \ 
_i n n n 



/ 1 \ 

-10 

1 

V 0-10/ 



as defined at the beginning of Section [2l the following property holds: 
{^/^ 5 Xfj.} — 22;^j4^, 

which can be directly verified by inserting the definition of the star product (j2.2p . It is therefore 
possible to reduce the bilinear parts of the action to one single star. The latter can be removed 



^Notice, that in the hmit f2 — >■ this becomes the Feynman gauge. 
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by the cyclic permutation property of the star product (j2.3p . and therefore the non-interacting 
part of the action is the same as in an undeformed model. Hence the propagators are more or 
less just the Mehler kernels, like in the scalar case. In momentum space they are given by 

with the Mehler kernel in momentum representation 

oo 

KM^p^q) = ^ [ da^^e-f(f-^)'™*^t-f(P+^)'*-^t. (2.34) 
oTT^ J sinh a 


The cic-vertex involving the multiplier field does not contribute to Feynman diagrams 
since a propagator connecting to that field does not exist. Similarly, a propagator does exist 
for 6, but the corresponding vertex as stated do not contribute to loop diagrams. Hence, we will 
omit the related Feynman rules. 

The vertices following from the action are just the usual non-commutative ones, as can be 
found for example in |129j . Equipped with the complete Feynman rules we can start deriving 
a power counting formula to estimate the worst degree of divergence of our graphs, which via 
UV/IR mixing is directly related to the degree of non-commutative IR divergence. We will not 
give a detailed derivation here but instead quote only the final result. (For further details we 
refer the interested reader to [35].) Given the number of external legs for the various fields 
(denoted by E^^, G {A^,b,c,c,c^}) the degree of UV divergence for an arbitrary graph in 
4-dimensional space can be up-bounded by 

d^ = 4-EA- E,/, -E^- 2Eb. (2.35) 

This bound, however, represents merely a crude estimate. The true degree of divergence can 
(for certain graphs) be improved by gauge invariance. For example, for the one-loop boson self- 
energy graphs the power counting formula would predict at most a quadratic divergence, but 
gauge invariance usually reduces the sum of those graphs to be only logarithmically divergent. 
In our case we will show, however, that this does not happen due to a violation of translation 
invariance. The corresponding Ward identity will be worked out more explicitly in the next 
subsection. 

Symmetries. In this subsection, we will take a closer look at the Ward identities (describing 
translation invariance) and the Slavnov-Taylor identities (describing BRST invariance). Every 
symmetry in general implies a conservation operator that gives zero when applied to the action. 
In the case of the BRST symmetry this is s. Regarding s as a total derivation of F*^*^) we can 
write 

sF(°)[^^,6,c,c,2-^] 

/ <5r(o) , 5r(o) ,5r(o) 5r(o) ^ ^r^A 

d X sAn ★ —. \- sb-k —- \- sc-k — \- sc-k + sCn -k . 

\ oA^ 00 oc oc dCf_i I 

By introducing external sources and a for and sc, respectively 

F = F(o) + Fext, Text = J d^x {p^ ^sA^ + u^ sc) , 
and making use of (|2.33p we can write the Slavnov-Taylor identity in a more convenient form: 



S(r)./ 



6T 5T 5T 5T . 5F , 5T 



d'^x ( * — l-T— + fo*^+Xu* -rr- 1 = 0. 



5p^j, 5A^ 5a 6c 6c 5c^ 
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Figure 2. Ward identity replacing transversality. 




+ 




Figure 3. Tadpole graphs. 

To arrive now at the Ward identity describing translation invariance, one has to take as usual the 
functional derivative of the Slavnov-Taylor identity with respect to Ap and c. One immediately 
recognizes that the 5^-term which originates from the oscillator term in the action gives an 
additional contribution. The usual translation invariance is explicitly broken: 



6^T 



d X { X 



j3r 



5ciz)5Ap{y)6c, 



36) 



Graphically this can be depicted as shown in Fig. [2j 

Loop calculations. The simplest graphs one may construct are the (one-point) tadpoles, 
consisting of just one vertex and one internal propagator. They consist of two graphs which are 
depicted in Fig. [3l According to the Feynman rules, their sum is straightforwardly given by 

U^{p) = 2ig j d'^k j {p + k'- k) sin Km{K k') [2k^ + 3k'^] . 

We may now transform to "long and short" variables 

V + U , , V — u 



u = k — k', V = k -\-k' 



k 



k' 



2 ' 2 
with functional determinant Moreover, we make use of 

lb ' 

kp^ 



sm 



ri=±l 



and plug in the explicit expression for the Mehler kernel (|2.34p . Altogether this leads to 



K(P) = E / '^'^ [5^/^ - P^^] I Mh (f ) p^ + tanh (f ) v^] ) 



287r2 



ri=±l 
oo 



64 



> 'da^^iftlexp 



sinh^ (f ) 



where in the last step the Gaussian integral has been solved and trigonometric identities have 
been used. Furthermore we have introduced a cutoff e = l/A^ which regularizes the integral. 
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Naively, one could simply integrate out a and discover a divergence structure of higher 
degree than expected, since it still contains a "smeared out" delta function. To make this 
clear, consider the usual commutative propagator, which depends on a second momentum only 
through a delta function, i.e. G{k, k') oc G{k)5'^{k — k'). In the present case, due to the breaking 
of translational invariance, the delta function is replaced by something which might be described 
by a smeared out delta function, which is contained in the Mehler kernel, and hence one cannot 
simply split that part off. However, by integrating over one external momentum one can extract 
the divergence one is actually interested in. In some sense one can interpret this procedure as an 
expansion around the usual momentum conservation. This is the general procedure we will use 
to calculate the Feynman graphs. The 1-point tadpoles however are an exception: since they 
have only one external momentum, integrating the latter out would equally mean to set p = 0. 
(One can see this by noticing that the integrand is antisymmetric in p, and the integration over 
the symmetric interval from — oo to oo would thus give zero.) With this procedure we would 
just hide the divergences. In conclusion, one can state that the integration over an external 
momentum is applicable for graphs with more than one external leg. 

For the 1-point graphs, we use the trick of coupling an external field to the graph and 
expanding it around p = 0: 



(«) 



After smearing out the graph by coupling it to an external field, an integration over p is allowed. 
All terms of even order are zero for symmetry reasons. Of the other terms, we now show that 
only the first two, namely orders 1 and 3, diverge in the limit e — )• 0: 

• order 1: With the external field, we obtain a counter term of the form 

d^p 



5gn 



2 



l + 0(e) 



d'^xXf.A^ix). (2.37) 



order 3: We get the counter term 

74, 



5g 17^ 



[lne + C'(0)] J d'^xXf.x^A^ix). (2.38) 



order 5 and higher: These orders are finite. The contribution to order 5 + 2n, n > is 
proportional to 



oo 

sinh" % 
da ^ 







cosh"+^f (n + l)(n + 3)' 



Notice, that all tadpole contributions vanish in the limit $7 — t- as expected. However 
when $7 7^ the unphysical tadpole contributions are non-zero. Since this can certainly not 
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b) c) 
Figure 4. Gauge boson self-energy - amputated graphs. 

describe nature, we must have started with a wrong vacuum. Furthermore, since we get addi- 
tional counter terms of mathematical structure which were not initially present in the original 
action, we certainly need a new theory. Apparently this is the case here because equations (I2.37P 
and (j2.38p reveal counter terms linear in A^^. Ultimately this means that we will have to consider 
a whole new model, which will be the induced gauge theory, but more on that in Section 12.41 

Two-point functions at one loop level. Here we analyze the divergence structure of the 
gauge boson self-energy at one-loop level. The relevant graphs are depicted in Fig. |H 

As explained in the previous paragraph, we do not need to couple an external field and 
expand around it in this case. The notion of long and short variables has proven to be very 
useful and we will use it again here. In order to be able to calculate the three graphs, we use 
the following simplifications: 

• For the cosine we use 



cos 



(t) = Er^^ij^p) 



• We approximate the hyperbolic functions of the Mehler kernel: 

coth f — ) ~ — , tanh f — ) ~ — , sinhfo) ~ a 
\2/ a V2/ 2 

for the dangerous region a = 0, where the kernel has a quadratic pole, in order to extract 
the divergent parts of our Feynman graphs. 

• We will, in addition to the inner momenta, integrate over the external momentum p' in 
order to reveal the divergence structure of the general result without the "smeared out 
delta function" of the Mehler kernel. 

• For the parameter integrals a (one per Mehler kernel) we perform a useful change of 
variables, which can be found e.g. in [1781 page 15]. 

In this form, we can easily sum up all three graphs Fig. [3^), b) and c). The sum yields the 
final result 



^^fiu KP) , ^9 \ 3 / \ 2 + / ^, N 2 



rdiv 

KP) — 

+ logarithmic UV divergence. (2.39) 
In the limit ^2 — >• (i.e. lo — t- oo), this expression reduces to the usual transversal result 

lim n'^"(p) = '^Mii 



lim Uf^Jip) = — 77- + logarithmic UV divergence, 
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Figure 5. One loop corrections to the 3 A- vertex. 

which is quadratically IR divergent!^ in the external momentum p and logarithmically UV di- 
vergent. The single graphs a), b) and c), however, do not show this behaviour, only the sum of 
all 3 graphs is transversal in the limit — t- 0. When not taking this limit we can see from the 
general result (j2.39p that not only transversality is broken due to the first two terms, but also 
that it has an ultraviolet divergence parameterized by e, whose degree of divergence is higher 
compared to the (commutative) gauge model without oscillator term. Both properties are due 
to the term in the action which breaks gauge invariance (cf. (j2.36p ). 

Vertex corrections at one-loop level. Due to the vast amount of terms that arise when 
calculating these graphs it is practicable to use a computer. This, in fact, was done in [35j in 
order to calculate the graphs depicted in Fig. [5l The sum of these graphs yields 

which is linearly divergent. Once more, this expression is not transversal due to the non- 
vanishing oscillator term parametrized by 0. However, in the limit — )• transversality is 
recovered, and (|2.40p reduces to the well-known expression [931 1137^ I134j 

limy;^7(pi,p2,P3) = ^^ 

i=l 

In the ultraviolet, the graphs of Fig. [5] diverge only logarithmically. 

Of course corrections to the 4 A- vertex exist too, but those show only a logarithmic divergence 
according to the power counting ()2.35p . 




p1 



{Sp.uPi,p+ 5^pPi,u+ SupP'. 



I, p. J 



,(2.40) 



Pi,pPi,vPi,p 

pi 



2.4.3 Induced gauge theory 

Since in the previous section it has been shown that additional counter terms arise which were 
not present in the original action it is natural to start with an action that has those terms 
already built in, instead. Such an action is the "induced gauge theory" of [32^ I33|. Its major 
advantage is that it is, by construction, completely gauge invariant. Let us review how this 
action is derived. 

One starts with the Grosse-Wulkenhaar model (12.310 : 



„2 



^In fact, this term is consistent with previous results [1351 11281 1134] calculated in the naive model, i.e. without 
any additional i-dependent terms in the action. 
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where, in order to write the action in the previous form, the following important property has 
been used: 

Now, one introduces external gauge fields by generalizing the ordinary coordinates to cova- 
riant one£^ X^, with 

These coordinates have the nice property that they gauge transform covariantly, which is why 
they are named likewise. Therefore, the Grosse-Wulkenhaar action is gauge invariant by con- 
struction: 



It can be shown either by performing a heat kernel expansion [33], or by explicit loop calcula- 
tions |32j that to one loop order the action becomes 



r(l') [A,] = I d^xj ^ (1 - p2) (^2 _ ^2) ^ _ ^ 

+ Ii^-P"f ((^. -^.)'' - {^"f) + ^^F.^^F,']^ (2-41) 

where 

Notice also, that the field strength tensor F^y = d^Ay — dyA^ — ig [A^ * Ay\ can be written in 
terms of the covariant coordinates as 



i[X^*,Xy\=e-l-gF, 



The field (p has been integrated out in order to arrive at the effective action (j2.4ip . and A^ has 
been considered as a background field. However, through its coupling to A^, the scalar field 
"induces" the effective one-loop action ()2.4ip above and A^ becomes dynamical. 

As already mentioned in Section I2.4.2| all (UV-divergent) terms that arise in the loop cal- 
culations of the previous model are present in the induced action. Hence, the chance that any 
unexpected new contributions arise during loop calculations is improbable, especially in the light 
that the whole action is gauge invariant. This gives good hope concerning the renormalizabil- 
ity of the model. However, the problem that the tadpole graphs do not vanish, and that we 
therefore have a non-trivial vacuum, is still present. Furthermore, calculating the propagator of 
the induced gauge theory is a non-trivial enterprise since the operator which has to be inverted 
is non- minimal (i.e. no Lorentz scalar). Additionally, calculating the propagator from the pure 
bilinear part seems not to be sufficient because, as already mentioned, linear (tadpole) terms 
in A^ are also present in the action. All those severe problems need to be taken into account in 
the future work on this action. 



^"Notice the slight difference to the 0-expanded case where one usually introduces covariant coordinates without 



tilde, see Section \T2 
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2.4.4 Geometrical approach 

Another way to generahze the Grosse-Wulkenhaar model to gauge theories is via geometry. In 
a recent paper [37], it has been shown that the renormahzable Grosse-Wulkenhaar action [271 1^ 

r /I 7T?2 Jl^ A \ 

S = J d^X ^-d^<Pd^cl> + — </>2 ^ + j 

can be interpreted as the action for a scalar field on a curved background space, namely 

where m denotes the mass of the scalar field, R the scalar curvature of the background space 
and ^ an arbitrary constant. This constitutes another remarkable connection between gravity 
and non-commutative geometry. Let us stick to two dimensions. The four dimensional case is 
straight forward |37j . The starting point is the so-called truncated Heisenberg algebra of n x ?i 
matrices satisfying the relation 

[x,y] = ia^~^(l - fmPn), 

where P„ denotes a projector. Defining z = nPn, we obtain a three dimensional algebra: 

[x,y] = iafi~'^{l - fiz), [x, z] = ia{yz + zy), [y,z] = -ia{xz + zx), 

where the parameter a is dimensionless and defined such that a — )• gives the commutative 
limit. There are two relevant length scales in the problem. One of them is ^/e, the non-commu- 
tative scale. The other scale is the gravitational one denoted by (the Schwarzschild radius 
or the cosmological constant for example). It is assumed that a = p^e. 

In the limit n — ?• oo, the usual Heisenberg algebra is recovered; this corresponds to z — )• 0. 
Using the frame formalism |179j . the geometry of this space can be computed. In the limit 
z — 7- 0, the space is still curved, and remarkably the cotangent space is still three dimensional^. 
The scalar curvature is given by 

The first term just renormalizes the mass. On this curved geometry, also the algebra of n- forms 
is deformed. In [36], the resulting gauge action for NC has been found. It reads 

Sym = ^J (i22;((l-Q2)(Fi2)*^-2(l-a2)^Fi2*</> + (5-a2)/iV*^ + 4iaFi2*0*2 

2 2 

where pi = i^^y, P2 = ^i^d F12 denotes the 12-component of the field strength. The 

star product is given by the Groenewold-Moyal product. Similar to the approach before, we can 
express the action in terms of covariant coordinates, pi+Ai. In a next step, the renormalizability 
properties of this action have to be studied. 



^^This is also true for e.g. the fuzzy sphere, where the algebra is also two dimensional whereas the cotangent 
space is three dimensional, see Section |3^ 
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2.5 Benefiting from damping — the approach 

The success of the Grosse-Wulkenhaar model with its oscillator term drew a lot of attention 
from the community but problems, such as the explicit breaking of translation invariance, could 
not be solved in an entirely satisfactory way. An alternative approach to tackle the problem of 
UV/IR mixing was proposed by Gurau et al. [31]. The main idea is to add a non-local term 

„2 



nloc [ 



d X (f){x) 



-k<f){x), 



(2.42) 



to the action (j2.6p . where a is a dimensionless constant. The practical motivation for this 
is clearly to provide a counter term for the expected quadratic IR divergence in the external 
momentum, a mechanism which has explicitly been demonstrated in |178j . A priori the physical 
interpretation of the operator ^ is difficult - especially in x-space one faces the inverse of 
a derivative. In momentum space the situation becomes more intuitive since the inverse of the 
scalar function is well known. A sensible interpretation of the new operator D"^ is to regard 
it as the 'Green operator' of □ = d^d^. 

The action including the non-local insertion read£l 



S[<t>] 



d^k 



1 



k^<j){-k)k^(t){k) + m'^' + a'^{-k)^<j){k) 



(2.43) 



1 

with m and A being parameters of mass dimension 1 and 0, respectively. Variation of the bilinear 
part of the action (j2.43p with respect to (f) immediately leads to the propagator 

= G{k) = (2.44) 

This Green function is the core achievement of the approach by Gurau et al. since it features a 
damping behaviour in the IR while not affecting the UV region, i.e. 



lim G{k) 



lim G{k) 

fc->oo 



0, 



Va/0. 



In Multiscale Analysis [1801 [3T] , this also allows the propagator to be bounded from above by 
a constant which is a basic ingredient leading to the renormalizability of the model. In contrast 
to the propagator, the vertex functional is not altered in comparison to the naive implementation 
of (^4^ theorM^i. The damping effect of the propagator (j2.44p becomes obvious when considering 
higher loop orders. An n-fold insertion of the divergent one-loop resul10 (j2.7p into a single large 
loop can be written as 

■QTi np-ms.|-^^ 



fc2 



k'^ + m'^ + 



71+1 ' 



(2.45) 



For the naive model (where a = 0), the integral of equation (j2.45p involves an IR divergence 
for n > 2, because the integrand scales as (/c^)~" for fc^ — t- 0. In contrast, for the l/p'^ model 
(where a ^ 0), the integrand behaves like 

1 P 



n.+l 



,2\n+l ■ 



(a'2) 



which is independent of the order. 

^■^Note, that the interaction term is written as a generic Fourier transformed quantity T ('?!'*^), without stating 
the explicit form of the phase factors. 

^^We will refer to the theory on non-commutative Euclidean space which is simply generated by insertion 
of star products p.4p into the interaction term as 'naive' implementation. 

^'*Note that, for the sake of simplicity, we neglect any effects due to recursive renormalization, and approximate 
the insertions of irregular single loops by the most divergent (quadratic) IR divergence. See also [25]. 



34 



D.N. Blaschke, E. Kronberger, R.I. P. Sedmik and M. Wohlgenannt 




Figure 6. Visualization of the gauge configuration spaee with Gribov horizons d. 
2.5.1 Gribov's problem and Zwanziger's solution 

As has been first indicated by Gribov [33] in 1978 and was reviewed for example in |181| and 
\182\ pp. 145-174], in non-Abelian theories the gauge is not fixed uniquely by a condition of the 
form dA = f, with / being some function or constant. This can be understood when considering 
two fields Af^, A'^, being elements of some general gauge group0, which are connected by the 
transformation 

4 = C/t {d^ + A^)U = A^ + C/t {d^U + [A^, U])=A^ + 6A^, 

with 11 = 6", and a being the algebra valued gauge parameter. For some fixed A^, we may find 
some A'^ fulfilling the same gauge condition, and therefore being equivalent to the original one. 
Such Gribov copies are solutions of the equation 

d^A'^ = d^A^ = f ^ [C/t (a^c/ + [^^, U])]=f, (2.46) 

and give rise to divergences in the corresponding path integral. Obviously, the operator on the 
left hand side of equation (|2.46p is the Faddeev-Popov operator Ai{A) = —df^D^^ (acting on a), 
whose determinant appears in the functional integral upon integrating out the ghost fields. We 
therefore recognize the latter relation as an eigenvalue equation 

M{A)^P = e{A)i:. 

Intuitively, the form of Ai admits comparison with the Schrodinger operator. Proceeding in 
this parallel picture, A^ takes the role of a potential. For small all e(^) will be positive, 
while with rising more and more eigenvalues will vanish, and then become negative. The 
idea is to divide the gauge configuration space into Gribov spaces Cn, n ^ having n negative 
eigenvalues. These domains are separated by the Gribov horizons In which correspond to the 
solution e„(j4) = 0. The situation is depicted in Fig. [6] for three exemplary configurations A^, 
a G /c} being represented by lines which are generated by variations of the parameter a. 
The gauge fixing dA = f (symbolized by the dashed line) crosses each Aa exactly onc^^ in the 
domain Cq. The same is true for any further C„. 

The important point to note is |441 1181| that for each A^ in Cq with dA = / we find an 
equivalent A'^ in C„ (for at least some n). This is the motivation to restrict the domain of 

^^For the sake of simplicity, we suppress any group indices or additional notation here and in the following. 

^^We should note, that it is generally accepted that Co is not free of Gribov copies due to the appearance of 
multiple eigenvalues e{A) > 0. It is possible to restrict the domain of integration further in order to remedy this 
problem. However, this is beyond the scope of this review and we shall refer to the literature |183j for further 
discussion. 
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integration in the path integral to Co = {A : Tr[7W(yl)] > 0}. According to Gribov, this 
restriction shall be implemented by inserting a Heaviside weighting function u{k,A) = 6{1 — 
a{k,A)), yielding (for YM theory on D = 4 with being the vacuum normalization factor) 

Z = M j P^PcPce-^YM-/rf''xSMi)MV(0,yl) = ^ j VAe-^^^^v{A). (2.47) 

The function a{f,A) appears in the perturbative expansion of the ghost propagator |181j . and 
takes the form 



where N is the dimensionality of the underlying gauge group. Basically, the pole of the prop- 
agator G'^'^{k) ~ [A;^(1 — a{k,A))~^ appears on the horizons /j, corresponding to a{k,A) — )• 1. 
When restricting the range of functional integration to Cq , we can state a condition to ensure it 
is free of poles, namely a{k,A) < 1, which immediately leads back to the expression for ^{kjA) 
stated above. 

Starting from equation (I2.47p . we can insert the explicit form for i/{0,A) (and the step 
function), and pick out the quadratic part. 

where the operator of the quadratic part Q^u = [g^ + ^i^i w^\ '^M^ ~ ~ been 
introduced. In the last step we have pulled the logarithm of the determinant into the exponential, 
and introduced a short hand /(/3) for the resulting expression. Here, we can already see the 
most important effect of the restriction to Co, which is that the bilinear part is modified with 
respect to the unconstrained case. In fact, the expression for Q^i, now contains not only positive 
powers of the momentum q but also a term with negative ones. This gives rise to a dramatic 
change of the behaviour of the theory in the IR. Before discussing this aspect in more detail, we 
define the coefficient of the negative powers as 



7 



,4 



f^oNg'' 1 



iv2 - 1 2y 



SNg"^ [ d^q I ^ 



(27r)^ q^ + 74 



where /3o is the solution of the equation dpf{j3)\p^p^^ = 0, and the right hand side is generally 
recognized as gap equation which defines the value of the so-called Gribov parameter 7. Finally, 
we can derive the gluon (A^) two-point function to be (in Landau gauge a — >• 0), 

which obviously exhibits the nice property 
lim Gi^{q)= \im GX{q)=0, 

i.e. an IR damping behavioui0. 

It was realized by D. Zwanziger [l5] that the restriction of the path integral to the first 
Gribov horizon can be implemented by a special type of term in the action. In order to see 
this, we have to reconsider the weighting function i/(0, A) we have introduced in equation (|2.47p . 



""Notice, the similarity with propagators (|2.44l) and (|2.66a|) . 
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For large N, corresponding to the thermodynamic Hmit V ^ oo, the volume described by the 
Heaviside function is concentrated at the surface, as Vco/Vqcq ~ R/N. Therefore, one may 
replace ^(1 — cr(k, A)) — )• 6{1 — cr(k, A)). Due to the equivalence of canonical and microcanonical 
ensembles in the same limit {V — >• oo), we can furthermore replace 6{1 — a{k,A)) — >• e~'^ ^, 
where H is the Hamiltonian of the theory |184j 



and h{x) is called horizon function. Obviously, H is non-local since M contains derivatives. For 
this reason, Zwanziger applied the method of localization by introducing auxiliary fields and 
ghosts (see Section 12.5.31 for an intuitive discussion) . His approach can be summarized as the 
replacement 



applied to the partition function (j2.47p after performing the approximation 1^(0, A) — )• Snioc. • 
Equivalence can be seen by performing the integration with respect to the complex conjugated 
ghost fields {0,uj}, then completing the square over the auxiliary fields and finally 

integrating out the latter. The action Sioc. is definitively local, and leads to the same propaga- 
tor (|2.48p (up to a factor g"^) as the original approach by Gribov discussed above. 

It can be shown |46t I185j that almost all parts of S'loc. containing auxiliary ghosts and fields 
can be written in a BRST-exact way, and are thereby physically irrelevant. The only exception is 
the term — 7^(A|0 — (^) being parametrized by the Gribov parameter 7. Bearing in mind that the 
behaviour G^^{q)\\g\^Q vitally depends on 7, it now becomes obvious that the exponential factor 
being introduced in equation ()2.49p in order to rewrite the restriction to the first Gribov horizon, 
which now takes the form of a BRST breaking term, effectively changes physics. Remarkably, 
the exclusion of Gribov copies, giving rise to divergences in the path integral, does not alter the 
UV region of the theory but only the low momentum limit. Details of the implementation in the 
form of a soft breaking, and a discussion of the impact on symmetries and the renormalization 
are given in Section [2.5.31 

2.5.2 The long way to consistent gauge models 

Motivated by the rather simple mathematical structure of the model ()2.42p efforts have been 
started to implement the damping behaviour of the 1/p^-model in respective non-commutative 
gauge theories. However, it turned out soon that there are some peculiarities which frustrate 
a straightforward proceeding. Let us briefly review these in a little more detail. As the following 
discussion is of rather technical nature (which could contribute to a better understanding of the 
details), the more experienced reader should directly proceed to page 1381 

Let us start from the simplest possible model - a free photon field, described by a 17^,(1) 
symmetry. As for the scalar case, there exists a naive approach which is defined by the action 




•^nloc. ^ 'S'li 




(2.49) 




(2.50) 



with the definitions 





(2.51) 
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Aiming to construct a physical theory, the fohowing BRST transformational are imposed 

sAp = Dfj^c, sc = ic-k c, 

sc = b, sb = 0, 

s2^ = V0 G {A,6,c,c}. (2.52) 
From these the properties 

sF = ig[c*F], sD^F = ig[c*D^F], s^F = ig[c* ^F], 

fohow, which are proven elsewhere |188j . It is well known that the model ()2.50p gives rise to IR 
divergences similar to equation ()1.6p . namely 

From the form of this divergence one is led intuitively to the insertion 



However, is not invariant under the BRST transformations (|2.52p . Noting that 

/ d'^x Aij_{x) -k k A„{x) = - I d'^xdpAfj,{x) -k ^ -k Ay{x) and 

^^,Ap = e^pdpAp = {dpAp - dpA^) ■ ^F, 

the next proposal is the insertion jl89j 

^nro'c^'^'I^] = Jd^xF{x)^J{x). 

Again, gauge invariance is fulfilled but the operator is not compatible with the BRST 
transformations (|2.52p . The only way to remedy this problem seems to be the replacement 
□ — )■ = DpDp = O^D^. Hence, in momentum space one has 

s'^L'-m = I d^km-^^Fi-k). (2.53) 

This insertion is completely invariant under all demanded symmetries, and features the right 
dimension. However, as has been argued in [136^ I38j . the resulting gauge propagator shows 
a quadratically IR divergent overall factor, i.e. G^^{k) oc ^Pp,u{k), where Ppu{k) denotes the 
tensor structure which is not specified here. Hence, the term (I2.53P cannot be utilized to 
implement the desired damping behaviour (which would require an overall factor (fc^ + ^^^) ^)- 
Finally, the solution seems to be 



^Soc'[^] = / d'xF,Ax)^^Fp,{x). 



^*In non-commutative theory the weU-known principle apphes that a gauge boson propagator only exists if the 
gauge is explicitly broken by a fixing term. As can be found in many text books on the subject [1861 11711 1187| 
the fixing requires the additional introduction of Grassmann-valued (Faddeev-Popov) ghost fields in order to 
leave invariant the functional integral. As has been recognized by Becchi, Rouet, Stora and Tyutin the resulting 
action remains invariant with respect to a nilpotent supersymmetric non-linear transformation, represented by 
the BRST operator s with = 0. 
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The full tree-level action in position space then takes the form, 

S\r\v — I d X ^ ^ ^ 

1 



4 ^f"" * + 4 ^252 ^f"" 



d'^x C -k 



1 + 



d^x 



□□ 
1 

□□ 



a , 



-b-kb — c-k { 1 + 



1 

□□ 



(2.54) 



where the parameter a and the unphysical Lagrange multiplier field b have been introduced in 
order to fix the gauge. The insertion of the operators (l + ^) (which are of the same type 
as in 5''°'^) in the gauge sector Sgf is motivated by the expectation of a damping for the ghost 
propagator G'^'^. 

However, the question arises how to interpret the new operator In contrast to the scalar 
the covariant derivative (|2.5ip includes the gauge field. Since the inverse of 



version ^ 



a field cannot be defined in a reasonable way, an alternative representation for the new operator 
has to be found. Such is given by the redefinition 



leading to the relation 



(2.55) 



which can be rewritten in the form of a recursion [38], and indicates that no closed solution to the 
problem is possible. In fact, equation (|2.55p is mathematically well defined (since D"^ is) but it 
represents an infinite number of gauge boson vertices, which in turn correspond to an infinite 
number of parameters, and thereby renders the theory power counting non-renormalizable [171] . 
In addition, only the complete recursion which cannot be reached in practise, is gauge invariant. 
Therefore, any computations being based on a truncated form of ()2.55p will contain an unin- 
tended breaking of the symmetry, and can, strictly speaking, not be considered to be a gauge 
theory. 



2.5.3 Localization 

As was discussed in Section I2.5.2| in the 1 /p^ model one is forced to introduce the inverse of 
covariant derivatives which can only be interpreted in terms of an infinite series in the gauge 
field Afj^, thereby inevitably leading to a non-renormalizable theory. However, it turns out that 
there are alternative representations which "quasi localize" the problematic terms by coupling 
them to unphysical auxiliary field^^. There are several ways to implement this, resulting in 
models with different properties, and even a modified physical content. In this respect we will be 
led to the insight that only minimal couplings and the consequent construction of BRST doublet 
structures for all auxiliary fields result in a stable theory (even at tree level). Moreover, the 
consistent implementation of the damping behaviour of the 1 /p^ model requires the insertion of 
a so-called "soft breaking" term into the action - a method which is well known from the Gribov- 
Zwanziger approach to QCD (see |441 HS} H6]). In the following, the developments leading to 
a consistent gauge model are sketched step by step. 

^^Notice that even the "quasi locahzed" action remains non-local due to the star products. 
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In the first ansatz [38] to the construction of a renormaUzable gauge version of the 

scalar model the operator (^D^D^^ (in the action (|2.54|) . being denoted here by 5*^1°^) 
was coupled to an auxiliary real-valued antisymmetric field !B^j/ of mass dimension two. This 
was achieved by replacing 



nloc 



loc 



-F F 



-F, 



(2.56) 



in the action, where (here, and in what follows) all products between fields are understood 
to be of the Groenewold-Moyal form, and a is a dimensionless constant, motivated by the 
fact that a similar parameter was renormalized in the scalar model |178j . Obviously, the 
action 5"-°^ contains only local terms which is the reason why the process is called "localization" . 
Equivalence of localized and non-localized actions can immediately be seen by reinserting 
(which can be expressed from the equation of motion being obtained from the right hand side of 
equation (j2.56p ) into 5-°^. The resulting model features the desired damping behaviour in the 
gauge and ghost field propagators G'^^^ and G'^'^, respectively. However, there are also mixed 
and pure propagators G^^^, G'^J^^, and G'^^p^ of the new auxiliary field which diverge in the 
limit of vanishing momentum. For the UV power counting it was obtained that the superficial 
degree of divergence behaves like 



Ea-E, 



c/c 



2En. 



for Ea and E'c/c counting external fields of gauge and ghost/antighost fields, respectively, and Ea 
counting the overall powers of the parameter a which parametrizes the term a'^^yF^y in the 
action (I2.56p . In fact, a appears in all propagators containing at least one auxiliary field. 
Therefore, the effect of the damping mechanism is obvious since is lowered by any appearance 
of 55. 

However, it turned out that the auxiliary field has not been introduced in a physically inva- 
riant way. A first indication is that for the limit a — t- 0, is not eliminated from the equations 
of motion. In fact, part of the propagator G^^p„ as well as vertices with at least two !B fields 
and 1-4 gauge fields remain unaltered in this case, and give rise to respective interactions. The 
actual cause, however, lies in the mathematical scheme used for the localization and can be 
revealed by integrating out the auxiliary field in the path integral formalism 



VAV^ exp 



d^x 



VAV^ exp ■ 
a 1 



5S 



It? 7? -i-n«B F — *B D^D^'iR 



d^X 



I 



21)2^2 



Fp, ]D^D^^^, 



-^F ]+-F ^ 
2 z)2 JJ2 4 '^^ L>2 D2 



F, 



VA(detD'^D'^) ^ exp 



1 



d'^x-Fp^ ( 1 + 



F 



(2.57) 



Similar to the case of QED, where the ghost fields c and c are required in order to counter- 
balance the non-vanishing functional determinant after integrating out the Lagrange multiplier 
field which implements the gauge constraint, the non- vanishing factor (detD^D^) in equa- 
tion ()2.57p indicates that the integrated and non-integrated versions {Sl^^ and 5"°!°^ respectively) 
of the action are not equivalent, and additional ghosts would be required to restore the original 
physical content. 
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A solution to this problem was proposed by Vilar et al. [22] who replaced the real-valued 
field 55 by two pairs of complex conjugated fields {B, B and x, x) which are assigned to 
appropriate ghosts. The respective localization reads 



with 7 being a parameter of mass dimension one. The term S'nioc is now split into a BRST 
invariant part SiocO) ^.nd a breaking term Sbreak as can be seen by explicit calculation with the 
definitions in [32]. The additional degrees of freedom are eliminated by following the ideas of 
Zwanziger [JS] (see |185| for a more comprehensive review of the topic) to add a ghost for each 
auxiliary field in such a way that BRST doublet structures are formed. This results in a trivial 
BRST cohomology for S\ocfi from which follows [47j that 

i.e. the part of the action depending on the auxiliary fields and their associated ghosts can be 
written as an exact expression with respect to the nilpotent BRST operator s. 

In contrast to that, the breaking term Sbreak does not join this nice property due to a non- 
trivial cohomology (i.e. sS'break 7^ 0). However, it is constructed in such a way, that the mass 
dimension of its field dependent part is smaller than D = 4, the dimension of the underlying 
Euclidean space Hg. Such a breaking is referred to as 'soft' (c.f. |47]). and does not spoil 
renormalizability |46j . This latter fact becomes intuitively clear if we consider that a theory 
with vertices v having a canonical dimension d^, < D is known to be super-renormalizable. 
Since the breaking term also features this dimensional property, it seems reasonable that it 
does not influence higher order quantum corrections corresponding to the high energy limit. 
Additionally, ^brcak is the actual origin of the suppression of UV/IR mixing featured by this 
theory, as it alters the IR sector while not affecting the UV part. The mechanism of soft breaking 
in combination with UV renormalization will be discussed subsequently below for the BRSW 
model. 

Another important aspect of the model by Vilar et al. is the splitting of the operator D^D^ 
into two separate parts, and an overall constant factor carrying the mass dimension of the 
parameter 6, i.e. D^D^ — )• 9'^{D'^)^. Such a splitting, however, is only possible in Euclidean 
spac^H^ if 6^1, has full rank, as has the special form of 0^,^ being defined in equation (12. ip . and 
allows for = 6^D^. Therefore, the proposed solution ()2.58p will only exist in special cases, 
and cannot be considered as a general solution to the localization problem. 

Yet another aspect which comes into play with the approach of Vilar et al. is the question of 
a general proof of renormalizability. It has been argued |42j that the symmetry content of the 
model would satisfy the Quantum Action Principle known from commutative theory. Therefore, 
the method of Algebraic Renormalization should be applicable. As has been discussed exten- 
sively in |192| I188| 1193] there are serious concerns if the mathematical basics and presumptions of 
Algebraic Renormalization are valid on non-commutative spaces. However, no final conclusion 
has yet been achieved in this respect. 

An alternative version of the model by Vilar et al. was proposed in [30]. The main idea 
was to keep the operator D^D^ in its original form and to not split it in two. In this way, the 
number of fields, sources and ghosts which are necessary for the localization could be reduced 
(from 30 to 22) without significantly lowering the symmetry content of the theory. However, as 

■^''in Minkowski space, non-commutativity with time leads to difficulties in the interpretation of time ordering 
and unitarity, and hence to rather new types of Feynman rules (see [19UI I191j and references therein) . Generally, 
the trend is therefore to restrict non-vanishing components of 9 to the spacial part of the metric. 




(2.58) 
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was shown by exphcit computations in [H], the total number of Feynman graphs which need 
to be considered (even at one loop order) in the perturbative renormalization procedure is still 
rather high. Similar to the model by Vilar et al. the damping is implemented in a breaking 
term. Since the scheme is quite general it may be interesting to discuss it in a little more detail. 
First of all, the localization is now given by 

'S'nloc ^ 'S'locj (2.59) 

where again the auxiliary fields B and B are coupled to respective ghost and antighost fields 
and tp. As can easily be checked as sketched above in equation (|2.57p the localized version is 
mathematically and physically identical to the initial version of 5inv in (|2.54|) . The new fields 
obey the following BRST transformation rules 



siJfiu = B^^ + ig{c,ipf,u], sB^y = \g[c,B^ 
sB^y = ii^y + \g[c,B^^], sii^y = ig{c,'4)^y], (2.60) 



which have to be considered in addition to the existing relations of equation ()2.52p . Now we can 
rewrite equation (|2.59p in the form 



'loc 



where the last term gives rise to a breaking of BRST invariance, as 

sS^,,^^ = j d^x^^^.F'^'', with S^,,^^ = j d^x^B^.F'^'^. (2.61) 

As in the model by Vilar et al. the mass dimension dm of the field dependent part of 5'broak fulfills 
the condition dm {tpfiuF^'^) = 3 < D = 4, and thus can be considered as an implementation 
of a soft breaking. However, in order to restore BRST invariance in the UV region (as is 
a prerequisite for an eventual future application of AR) an additional set of sources 

has to be coupled to the breaking term which then takes the form 

Sbreak = j X S {q ^.^pB^^'' F''^) = j d^X [j ^.apB^^" F'^^ - Q ^.apr" F^^) . 

The original term equation (I2.6ip is reobtained if the sources Q and J are assigned to their 
'physical values' 

The soft breaking term implements the damping mechanism in the limit of low energies (IR) 
while not affecting the symmetries or divergence structure in the UV. This interplay between 
the scales should presumably lead to a renormalizable model. However, as has been analyzed 
in |1921 [il]. there are hidden obstacles. Without going into detail at this point, the problem is 
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that the damping behaviour is not featured by all propagators. Although at one loop level only 
the expected quadratic divergences appear, a respective renormalization is inhibited. This is due 
to the fact that the contributions which enter the perturbative series represent dressed graphs 
which have external propagators attached to them. The IR-divergences of mixed propagators 
qAB ^ qAB ^Yie ones of the respective results in the vacuum polarization. In a more 

formal way, 



where 11 = S and S symbolizes the sum of all divergent one-loop contributions with 
external fields X and Y . In the end, the corrections on the right hand side of equation (|2.62p 
behave like in the infrared. This, in turn gives rise to respective counter terms to the 

action. As long as these were the only ones to appear in higher loop orders this would state 
no problem but the intuitive apprehension has proven to be true |41j that for specific types of 
graphs (those with only external B and B lines) the divergences rise with the order. Although 
there is no rigorous proof up to now the model may be considered as problematic with respect 
to renormalization. It has to be noted that the same effects are obtained in the model by Vilar 
et al. so the same conclusion applies to it. 

After all, the series of attempts [38 1 [39 l ll2 t ll0 l 11921 HT] for the construction of a renormalizable 
gauge theory based on the damping mechanism of the l/p^ model has led to several insights 
which can be considered as prerequisites for the success of any further approach in this direction. 

- A consistent BRST-invariant and physically sound implementation of the damping can 
only be achieved by localization with auxiliary fields. 

- Localization has to be performed such that a soft breaking of the BRST invariance results. 
Only in this way a damping of the IR singularities can be implemented without affecting 
the UV region, which is the relevant domain for the symmetry content of the theory. 

- It is of vital importance that any field being connected to a physically relevant (gauge) 
field by a two-point function (mixed propagator) features the same damping behaviour. 

Rigorous implementation of these demands has finally led to a (presumably) renormalizable 
model which is described in Section 12.5.41 below. 

2.5.4 BRSW model 

A promising attempt for the construction of a renormalizable gauge model on non-commutative 
space has been published recently |43j . The intention is to start from the localized action (|2.58p . 
and modify it in order to achieve renormalizability and avoid the problems discussed in Sec- 
tions 12.5.21 and 12.5.31 In a first step, the interplay between terms of the action, and the form 
and type of propagators is analyzed thoroughly. There are three main ideas leading to success. 

First, in order to avoid (or at least restrict) the appearance of dimensionless derivative opera- 
tors (as is discussed in |192j ) it is desirable to remove any explicit appearance of parameters with 
negative mass dimension from the action. However, this is impossible, since the effect of UV/IR 
mixing inevitably leads to divergences being contracted with O^y (as discussed in Section [2. 5. 3p . 
which enter the action in the form of counter terms. A viable solution to this problem is to 
split the parameter of non-commutativity into a dimensionless tensor structure 9^y = —Oi^^, and 



(AA,11— rcn 




(2.62) 
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a dimensionful scalar parameter e, i.e. 

eO^y with drn{0^^) = 0, and drn{e) = -2. (2.63) 

In consequence, the appearance of £ in the tree level action is reduced by modifying our definition 
of contractions, □ = 9^p6uadpda, Pp = PyO^y, for any vector p^, and 0^-^^^,,,^,^ = Oup^,„p^6p^y 
for a tensor with n indices. Hence, the only occurrence of the dimensionful e is in the phase asso- 
ciated with the star product, which does not influence the bi-linear part according to the cyclic 
invariance of the star product under the integral. In this respect we note that operators such 
as □ or now come with their usually expected mass dimensions dmip) = 2 and dm{D) = 1, 
respectively. Starting from the localized part of the action (j2.59p , the remaining two steps can 
be written as 

d^x ^ [B^, + B^,) F^, - BpyE^&D^Bpy, {2Mb.) 
\. step 1 

d'^x ^ (S^, + Spy) If^, + Bpy{a - D^)Bpy, (2.64b) 
I step 2 

d^x ^ {B^y + Bpy) i (^fpy + cT ^ / ^ " B B py , (2.64c) 

with several new definitions being explained subsequently. To understand the first step we 
note that the divergences in the G{^^'^^>, G{^^'^^>, and G^^ propagators (see Section [2.5.21 
equation (I2.62j) above) are mainly caused by the appearance of the operator D^D^ sandwiched 
between B^y and B^y. On the other hand this term is crucial to the construction of the correct 
damping factor for the gauge boson propagator G^^. A detailed analysis |188j leads to the 
insight that it is possible to move the problematic operator into the soft breaking term, thereby 
maintaining the desired damping while eliminating the divergences. Note also that, due to the 
redefinition of O^y in equation (|2.63p the dimensionful e does not appear explicitly after the first 
step in equation ()2.64bp . In the resulting action, the correct mass dimensions are restored by 
the new parameters 7 and a featuring dm (7) = 1 and dm{cr) = 2, respectively. 

In step 2, we note that the regularizing effects are solely implemented in the bi-linear part 
of the action, therefore opening the option to reduce the field strength tensor Ffj_y in the soft 
breaking term to its bi-linear part f^^y = dp,Ay — dyA^ (and / = Of^y = 2d ■ A). Noting further- 
more, that the operator in the B /B sector is not required any more for the implementation 
of the damping mechanism we may entirely omit this derivative. Due to this reduction, any 
interaction (represented by n-point functions with n > 3) of A^ with auxiliary fields and ghosts 
is eliminated. However, in order to restore the correct mass dimension for the altered terms 
we have to change dm of the fields B^^y and B^y from 1 to 2. Furthermore, in order to imple- 
ment a suitable term to absorb the ^-contracted one loop divergence of the two point function 
(see [33]) we further modify the breaking by the insertion of the term [B^y + B^y^ ^O^^yf, 
resulting in (j2.64cp . Additionally, we add a soft-breaking term to absorb the ^-contracted one 
loop divergence of the three point function 

The complete action hence takes the form, 

*^inV I d X ~^FpyFpy ^ 



5gf = J d'^xs (cdpAp,) = J d'^x (bd^Af, - cdp,Dp 



44 



D.N. Blaschke, E. Kronberger, R.I. P. Sedmik and M. Wohlgenannt 



— 
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'S'brcak 



fiuafiB/j,!/) 



d^X 



□ 



[JnuapBfMU + J/^iua/^Bf^u) -~ ( /q/3 H 



□ 



□ 



QfiuajSlPtiiy-^ ( /a/3 H ] — [Q^uapB^y + Q^ya^B^j^v) ^ S ( /q,/3 + G f 



□2 



□2 



(2.65) 



where all products are implicitly assumed to be deformed Groenewold-Moyal products, and we 
have introduced the external sources 0^ and Due to the decoupling of the gauge sector the 
form of the BRST transformations is simpler than the respective counterparts in equation (j2.60p 
being representative for the model^Hl] sketched in Section 12.5.31 



sB„ 



B„ 



sQ' = J', 



sB„ 



0, 



sJ' = 0. 



As before, the additional pairs of sources {Qi_iuai3,Q^j.uai3,Q'} and {Jfj,uai3, Jfiua/s, J'} have been 
introduced in order to restore BRST invariance of the action (|2.65p in the UV limit, i.e. sS = 0. 
In the IR limit the physical values 



J. 



phys 



phys 



lead back to a breaking term. The BRSW model yields the following relevant propagators: 



Q' 

2 



phys 



0, J'\ 



./2 



phys 



157' 



7 



a+'-^a^)-f^ + k^k^ + ^ 



k^ 



, (2.66a) 
(2.66b) 



where the Landau gauge a — )• has led to the omission of the term —a ^4 . 

Although there also exist two-point functions G^'^^'^^\ q{bb,bb} ^^^^ Qii^ ^ ^j^^y ^-jj 
contribute to any quantum correction since none of the vertex expressions Vp^^^ Vp^^, and V^^'^ 
connects either of these to the gauge field. At this point we note a remarkable similarity of the 
Feynman rules of the BRSW model, and the respective expressions of the naive implementation 
of NCQED in |129] . The quadratic divergence for /e — )• in the ghost propagator ()2.66bp is 
typical for the Landau gauge a — )■ 0. Alternatively, as has been done in [39] for the real valued 



Since the (anti-)commutator relations can be omitted, thus. 
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auxiliary field *B^jy (see page [39] above) we could add a damping factor to the gauge fixing 
term b{dA) and the ghost sector cdf^D^c. However, these damping insertions would inevitably 
appear in vertex expressions with an inverse power relative to the respective propagators and, 
thus, cancel each other. Moreover, these factors contribute to UV divergences at higher loop 
orders, and are omitted, hence. 

The gauge boson two point function (]2.66ap fulfills all requirements which have been stated 
at the beginning of this section. It is finite in both, the IR limit k'^ — )• 0, and the UV limit 

— 7- oo. A simple analysis reveals that 



where the abbreviation 
a2 







kfi ki/ 
















k^ky 




^Sfj,u — 


k^ 



kn kjj 



for P — > 0, 



for k^ 



oo, 



4 



has been introduced for conveniencq^. As has been shown explicitly in |43 tll88j the form of G^^ 

k k 

is stable under quantum corrections since it provides a suitable term oc -p^ to absorb expected 
divergences. 

From the Feynman rules (see 03]), it is straightforward to derive an expression for the UV 
power counting of the BRSW model. We obtain 



Ea - Ec. 



(2.67) 



which, again, shows remarkable agreement with the respective relations for the naive implemen- 
tation of non-commutative UAV). Indeed, none of the auxiliary fields or respective parameters 
influences the power counting^. 

Explicit one-loop calculations for the model ()2.65p have been conducted in [l3]. As expected, 
the vacuum polarizatiorQ contains a quadratic IR divergence in the external momentum p^, 
and a logarithmic UV divergence in the cutoff A 



+ 



V^lVu 

7r2e2(p2)2 ' 3(47r)2 



{p^S^y - p^Pu) In (A) + finite terms. 



(2.68) 



Note, that the physical requirement of transversality p^H^u = is fulfilled due to the property 
p^p^ = arising from the antisymmetry of 9^^. Further analysis reveals that the first term of 
equation ()2.68p gives rise to a renormalized constant a while the remaining divergences yield 
a wave function renormalization of the gauge field, and a redefinition of 7. The form of the 
propagator (|2.66ap remains invariant under these operations. 

As expected from the power counting (|2.67p corrections to the V^^ vertex [E^ = 3) are at 
most linearly divergent. The rather lengthy result can be summarized in the form 

= (=^) E Mi^- 

=1,2,3 



e(p: 



'1? 



Note that this requires the property k = 6 k which follows from the special block-diagonal form of 6^" , as 
has been introduced in equation (|2.H) . Moreover, since 9^ — d^pOpi, = 5^^, we have indeed k^ = k^ . 

^■^In comparison, the results of respective relations in Section [2.5.31 for previous models are effectively reduced 
by the number of external legs of auxiliary fields and/or the parameter of the breaking (respectively damping) 
term. 

■^''it shall be remarked that in the BRSW model the one-loop corrections to the photon propagator are con- 
tributed by only three graphs, which are similar to those being known from QCD, and can also be found in naive 
implementations of NCQED [129] . 
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MK)V^^f-%pi,P2,p^). (2.69b) 



6(47r)2 ^ ' ^"'P 

Similarly, the corrections to the four-point function V'^^ yield a sole logarithmic singularitjl^ 
in A, 

r^^;^^(pi,P2,P3,P4) = -^H^)9^V^upa{PUP2,P^,PA). (2-70) 

While equation ()2.69bp (and p.TOp l obviously represent a renormalization of the coupling con- 
stant g, the contribution (j2.69ap leads to a redefinition of 7', thus leaving the action form- 
invariant. Finally, the /3- function of the model is negative which indicates asymptotic freedom. 
This can be understood from the fact that on non-commutative space the gauge group (inten- 
tionally f/^(l)) is deformed such that the commutator \^A^ * Ay\ 7^ 0. Therefore, any Ui,{N) is 
effectively non-Abelian. 

The BRSW model has proven to be renormalizable at the one-loop level. A proof of the renor- 
malizability to all loop orders is currently being constructed using the methocQ of Multiscale 
Analysis [TM] . 

2.6 Time-ordered perturbation theory 

Throughout the previous (sub)sections we have either considered Euclidean spaces, or kept time 
commutative, i.e. Q^'^ = 0. The difficulty with handling 0*^^ 7^ lies in the fact that, due 
to the star products, the interaction part of the Lagrangian depends on infinitely many time 
derivatives acting on the fields. A workaround has been proposed by S. Doplicher et al. [5] and 
further developed for non-commutative scalar (p^ theory by several authors [190^ I195| I196| [T97] . 
It is termed "interaction point time ordered perturbation theory" (IPTOPT) and is based on 
the following idea: Consider the Gell-Mann-Low formula applied to the field operators (p of 
a scalar cj)^ theory 



^ (-i)' 



{0\T{(t>H{xi)...4>H{Xn)}\0) = }_^^^ J dh J dt2--- J dtmX 

'"■"'^ —00 —00 —00 

X (0|T{</>Kxi) • • • 0/(x„)V(ti) • • • V{t^)m . 

The subscripts H and / denote the Heisenberg picture and the interaction picture, respectively. 
V is the interaction part of the Hamiltonian 

V{z^) = j dh^(j){z)i<^{z)*(l){z)i<^iz). (2.71) 

The idea is that the time-ordering operator T acts on the time components of the and on 
the so-called time stamps ti,...,tm- For example, considering the interaction (|2.7ip with an 
alternative representation for the star products 

■^^The correction for V''"^ can either be obtained by comprehensive exphcit computations or from gauge invari- 
ance which can intuitively be understood from the fact that the relative factors between the terms ig dfj.Ai, 
and —g^ [-A^, ^ in the term of the action has to remain the same before and after the renormalization. The 
latter method has been described explicitly in |188) . 

■^^Note that the method of Algebraic Renormalization, which is usually conducted in the framework of soft- 
breaking, requires a local field theory. Since this requirement is never fulfilled in non-commutative field theories 
due to the star product, Multiscale Analysis seems more fruitful. 
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X (j) [ z 



Z + Sl 



Z + Sl + S2 



(2 + 51+52 + S3), 



the time ordering only affects z^ and no other time components (hke e.g. etc.). This leads to 
modified Feynman rules. For example, the propagator of (j)'^ theory 



G{x,x') 



(27r)4 A;2+^2_ig' 

is generalized to the so-called contractor 

d^k exp \\k{x - 



(2.72) 



Gc{x,t;x',t') 



c') + ik^{x 







t - (x'O - t'))] 



(2vr) 



cos {UJk{X 







[X 



k"^ + rm? 



le 
ifcO 



■ sm [ujk{x 







[X 



/o 



which for x^ = t and x'^ = t' (being the case when 0'^^ = 0) reduces to (j2.72p . This approach 
seems promising in some respects, meaning that one may extend the formalism to non-commu- 
tative gauge fields, although (among many others) the question of unitarity is still unclear |198j . 

Finally, one should also remark that similar work, i.e. considerations concerning proper time 
ordering when dealing with non-commutative time, has been done by D. Bahns et al. [1991 
I191j . There even have been claims that in Minkowski space-time with proper time ordering, no 
inconsistencies related to UV/IR mixing are present |200j . However, these conjectures still lack 
a rigorous proof. 



3 Non-canonical deformations 

In the previous sections, we have thoroughly discussed gauge theories formulated on Groenewold- 
Moyal space. The following shall therefore give a brief overview over other approaches, such as 
x-dependent Q^^ . The topics we will cover are twisted gauge theories, then we will proceed to 
the case of linear dependence on x, i.e. K-deformed spaces and fuzzy spaces, and finally review 
approaches with the most general x dependence of the commutator, such as quantum groups 
and matrix models. 

3.1 Twisted gauge theories 

The approach to the so-called "twisted gauge theories" which we present in this subsection goes 
back to J. Wess and his groujJ^. For a recent review, see |203t 120^ 1205] and references therein. 
The main idea is, in addition to the pointwise product, to also deform the Leibniz rule by using 
Hopf algebra techniques. Following |203j . consider first the undeformed (i.e. commutative) case: 
We define a pointwise product as 

M/®5} = /-5, (3.1) 
and the infinitesimal gauge transformation of a field scalar (j) as 

5a4>{x) = m{x)4>{x), 

where a{x) is Lie algebra valued (see Section [2]). The co-multiplication A(a), an essential 
ingredient for a Hopf algebra (for more details see Section [3.5.ip . is defined by 

A(a) = a(g)l + l(g)a. 



In fact, there have been even earher proposals of twisting physical symmetries, see |201II202] . 
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and allows us to write the Leibniz rule for the gauge transformation of a product of fields in the 
language of Hopf algebras as 

Sai^l ■ 02) = {Sa4>l)^2 + M^a^2) = MA(a)0i (g) ^a}- (3.2) 

In the deformed case, on the other hand, one has to replace the pointwise product ()3.ip with 
a deformed version, which in the simplest case could be the Groenewold-Moyal product of the 
previous section, i.e. in the Hopf algebra language 

The non-commutative gauge transformation (5* on a single field is defined as 
5^(j) = ia • 

as in the commutative case. This can be rewritten in terms of the star product [203], 

5^<^ = ix^.*r>. 

Furthermore, one considers a deformed - or "twisted" - co-product 



where J- denotes a "twist operator" that has all the properties to define a Hopf algebra with (j3.3p 
as a co-multiplication. Hence, we may write a Groenewold-Moyal deformed version of the Leibniz 
rule ()3.2p as 

Sai(t>l * 02) = i/X*{Ajr(5*)0i ® (p2} = i(a0i) ★ 02 + 101 * (a02) 

+ fc! T ^'""^ ■ ■ ■ [(^Mi • • • 5m.«)0i * (5-1 • • • 5^.02) 
fc=i ■ ^ ^ 

+ (^Mi • • ■ •9^*^01) * {dy^ ■ ■ ■ dy^a)4>2 

Of course, this formalism can be readily used to include gauge fields as well. As usual, the field 
strength (assuming g = \) \s given by 

Ffiu = d^Ay — dyA^ — i[^/i t -^ul 1 
which transforms covariantly: 

51F^, = iX*. * [T^ F^,] = i [a, F^,] . 
For the Groenewold-Moyal case, the action reads 

S = --[ d'^xF^y^F^^ (3.4) 



Gauge invariance of this action has been shown explicitly also in |206j . There is a remarkable 
difference to the non-twisted approach: Starting with a Lie algebra valued connection, twisted 
gauge transformations close in the Lie algebra. However, the consistency of the equations of 
motion of (j3.4p require the introduction of additional new vector potentials. The number of the 
new degrees of freedom is representation dependent but remains finite for finite dimensional 
representations . 
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To summarize, the main idea of this approach is to extend symmetry transformations, 
(co-)products, etc. by twists in a consistent way. This approach can be generahzed to x- 
dependent star products, if these products can be expressed in terms of a twist as 

{f*g){x)=fi{j^-^f^g). 

The group around A. P. Balachandran has proposed a different approach - for a review 
see \207\ I208j and references therein: They consider canonically deformed EucUdean space. 
Non-commutative matter fields are decorated with an additional dressing factor, 

where denotes the total momentum operator, whereas the gauge fields are the undeformed 
ones. So the non-commutative effects appear in the coupling of the gauge sector to matter. The 
dressing factors above lead to a twisted quantum statistics. In formulation of gauge models, 
consistency of the twisted statistics and the gauge invariance is required. The implications of 
this interesting approach and renormalizability of the resulting models are not yet fully explored. 



3.2 K-deformation 

Let us consider a n dimensional Euclidean space with coordinates x^, . . . , x". In the following, 
Latin indices range from 1 to n — 1, Greek indices from 1 to n. The most general linear quantum 
space structure compatible with a deformed version of Poincare symmetry is given by 



[x^,xn = i(a^<5;;-a''(5^)x'^, 

where is a constant 4- vector "pointing into the direction of non-commutativity" . Its compo- 
nents also play the role of Lie algebra structure constants. In Euclidean spaces all directions are 
equivalent. For convenience, the non-commutativity will point into the n-directioii^. i.e. 



The coordinates x^, . . . , x" generate the n-dimensional K-Euclidean space algebra S^, and satisfy 
the relations 

[x",x*] = iax*, [x',x^']=0. (3.5) 

The symmetry group of the K-Euclidean space is a deformed version of the n-dimensional rotation 
group. It is generated by the rotations M^'^ . Since the n-direction is special, we will denote the 
generators M"' by and call them boosts, in analogy to the Lorentz algebra. The relations 
between symmetry generators and coordinates have to be compatible with the algebra structure 
on the K-deformed Euclidean space £k and are supposed to be linear. As a result, one obtains 

N^x' = -S^'x'^ + x'N^ -[aM^\ A^'x" = x' + (x" + ia) iV^ (3.6) 

In the commutative limit, a — )• 0, the usual relations for a 4-dimensional Euclidean space are 
recovered. The consistent choice of algebra relations is given by 



'Commonly, the parameter k which gives its name to this approach, is introduced as k = 1/a. 
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These are just the undeformed algebra relations. The difference arises in the co-algebra struc- 
ture. The commutation relations (|3.6|) can be generalized to non-commutative functions: 

N'f{x) = (iV7>)) + f{x\x" +ia)N' - ia(4/(x))M^^ 
M-/(x) = (M"/»)+/(x)M-. 

We can read off the co-product structure of the rotation generators from the above formulae, 
using the crossed product 

Tx" = (r(i)x'')r(2), 

and obtain 

AiV' = N^(g)l + e'°^" (g) A^' - iadb (g) M'^ AAF" = + W'. 

Now, let us define derivatives on this K-Euclidean space. We introduce them by finding a de- 
formed Leibniz rule compatible with the algebra relations ()3.5p . Since the coordinate algebra 
is the freely generated algebra divided by the ideal generated by relations (j3.5|) . the derivatives 
have to map co-sets onto co-sets. Consistent Leibniz rules are given by 

— X dyi^ djiX — 1 -j- X drii 

diX^ = + x^di, dix" = (x" -I- ia)di. 

However, these relations are not unique, cf. |210| . Additionally, the derivatives have to form 
a module algebra of the deformed rotation algebra, i.e. they have to transform like a vector. For 
the action of the symmetry generator on the derivatives one obtains 

[M", 4] = 5"4 - S^'dr, [M^^ On] = 0, 

where we have defined the K-deformed Laplacian = didi. The commutator of derivatives 
compatible with (j3.5p is given by 



[d^,d,]=0. (3.7) 

The Leibniz rule for non-commutative functions reads 

dJix) = (dJix)) + fix\x^ + m)di. 

The derivatives dn satisfies the ordinary Leibniz rule. The K-deformed Poincare algebra Vk is 
generated by rotations Af*, boosts A^' and translations d^. The co-product of the translation 
generators reads 

Adn = dn (S> 1 + 1(S> dn, Adi = Bi (g) 1 + e'"^" (g) 4- 

The Dirac operator D is given by 



Dn={^ sin(a4) + 'idkdke-'''^" ) , D, = d^e-'^^- . 



-sm(ad„) + — 
a Z 

It can be viewed as a derivative as well satisfying the following Leibniz rule: 

n-l 

bn{f-g) = (Dnf) ■ (e--^"5) + {e'^^-f) ■ (Dug) + ia^ (Ae''^^"/)(A5), 

i=l 
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A(/ • g) = {b^f) ■ {e-'^'^-g) + / ■ m). (3i 

Acting on the coordinates, it yields 





= ioA, 












= 0. 



This completes the algebraic setting of K-deformed spaces. Let us now introduce the star product 
using a symmetrical ordering. It is given by |21Uj 



a{ujk + Up) e""^*^ - 1 



where k = (w^, /c), x = {x'^ , x^ , x'^) , and 
A{uJk,ujp) 



For the star product in arbitrary ordering see |211j . In symmetrical ordering, the action of the 
deformed derivatives on commutative functions (denoted by d*) can be expressed in terms of 
the usual derivatives 

dtfix) = d.e^'^^-fix), d*f{x) = dnfix). 

In the same way, we obtain for the Dirac operator 

= - sm{adn) + A — ^ , = — — di, 

a laa^ —'yaOn 

where A denotes the undeformed Laplacian. 
3.2.1 Deformed Maxvi^ell equations 

The modifications of the classical Maxwell equations under K-deformation are important in order 
to obtain the correct dispersion relations. Starting from the definition of the deformed U{1) 
field strength 

= -[x^/i:^] = 

where q denotes the charge, m the mass of the charged particle, and a time derivative is denoted 
by a "dot" , the deformed Maxwell equation^^ take the form j76) 

+ mavdoB = 0, 
doB + V X E + ma{v'diB + vx doE) = 0, 
VE + mavd^E = p^, 

OqE — V X B + mai^av^diE — av x d^B^ = —je- 

Remarkably, the modification and therefore the coupling of the particle to the electro-magnetic 
field depends on the mass of the particle. 



^^We assume natural units with ft = 1 in this review, and hence (in contrast to [76]) have omitted h in these 
expressions. 
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3.2.2 Seiberg Witten map 

In \73\ I74|. the Seiberg- Witten maps have been calculated in the case of K-deformed Minkowski 
space for arbitrary compact gauge group, up to first order in a (cf. the discussion in Section r2.2.ip . 
For convenience, we choose to gauge the Dirac operators D^, since they also form the basis of 
the derivatives and have transformation properties, 

[M^'^D*] =5''pD*'' -S'^D*". 

The most remarkable new feature of the SW map is that the gauge field attains a derivative 
valued contribution. This is due to the modified Leibniz rule for the covariant derivatives p.Sp . 
In the quantum group case |89j . the co-product of derivatives reads 

where L^*^ is the so-called L-matrix, which is a linear transformation. In this case covariant 
derivatives are defined by introducing a vielbein E^'^ with non-trivial transformation properties. 

Additionally, the gauge potential attains a derivative valued part. In the present case, this factor 
is non-linear in the derivatives and cannot be compensated by a vielbein. 
We define the covariant Dirac operator by 

v'^ = Eo,''d;-iVa = D'^-iVa, 

where Va is the enveloping algebra valued gauge potential. Starting from the non-commutative 
gauge transformation 

= iAa * ^, with (SadjB - SfsSa)i' = (3.9) 

let us first consider the Seiberg-Witten map of the gauge parameter A to first order in a. The 
gauge equivalence relation (12. 9p reads 

iSaA} - iSfsAi + [a, A^] + [A^, /3] - A^^^^ = -j (rE'^{9„a, 8^(3} - d^a}) , (3.10) 

where Aa[A] = a + Ai[A] + 0{a^). The right hand side of (fXTOD can be written more concisely 
as 

where C^'^ are the structure constants of the space-time algebra, with C^'^ = a{6n6'^ — 
The solution of ()3.10p is given by 

Ai = -^x"cn^^,5,a}. 

Also in higher orders in the expansion, there will occur terms that look similar to those in the 
canonical case, replacing ei"^ by x^C^" [73]. Both expressions constitute the respective Poisson 
structure. Expanding the field ip in terms of a, 
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equation ()3.9p becomes 
A solution is given by 

For the gauge field the SW map is much more involved, because of the complicated 

co-product structure of the derivatives Starting from 

one obtains 

JoF^ * = -D-y (Aq, ★ -0) — Aq, T*r D^il) — iy^ * Aq, ★ V; + iAa * 1^ ★ ■0. 

Using the co-product of the derivatives -D^, we can eliminate the field ij:, 

= {DfK) * e"^-^^" - iVc *Aa+ iA„ * V^, 
S^Vn = {DlK) * e"'"^" + ia{D m e'^^^K) * D* 
+ ((e'"^" - 1)A,) * - iVn *Aa + iAa * 

This leads to derivative valued gauge fields, and a solution is given by 

Vi = Vi- iaVid* - jdnV, - ^{Vn, Vi} + icf K} - {Vp, d^Vi}), 

Vn = Vn- iay^a; - '-^d.v^ - ^v,v^ + hoi''x\{Fpn^ v,} - {y^, dM)- 

The action of matter coupled to the gauge field hence receives corrections [73l [71] . The gauge 
action up to first order in a is given by 

S9 = -\j d'^+'x (^F'-F^. - ^Cf x^F.^F^'-F^, + 2Cf x^F^^F^.F,, j , 

and for matter fields we have 

Sm = j dr^^x(^(\-f^V^ - m)^ - icf x^V^Fp<,(i7'^P^ - m)^ 

- ^Cf^Tp^^^V - ^Cfx^V^T'^F^pP.V - ^CfV^T'^F^.v) • (3.11) 

This action was used for phenomenological considerations in [75]. P.A. Bolokhov and M. Pospe- 
lov generalized the action p. lip to the case of the Standard Model gauge group SU (3) x SU (2) x 
C/(l). Considering nucleon electromagnetic interactions, they could obtain a naive bound for 
the non-commutativity scale: 

K ~ 1/a > 10^^ GeV. 

The reliability of this bound seems questionable, though, since the calculation relies on some 
simplifying assumptions. 
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3.3 Gauge theory on the fuzzy sphere 

The fuzzy sphere has first been discussed in [3 [10] - for a nice review, see also [79]. Its generators 
satisfy hnear commutation relations 

[xi,Xj] = i^EijkXk, i, j,k £ {1,2,3}, (3.12) 

where = + ^2 + x| € E, is the radius of the sphere. The objects 

R^ = ^x, (3.13) 

satisfy the SU{2) algebra relations. Ri are chosen to be in an irreducible representation with 
spin j. Therefore, the generators Ri and also Xj are N x N matrices with N = 2j + 1. The space 
algebra (|3.12p is equipped with a differential calculus. Since we are dealing with matrix algebras, 
all derivations are inner. The differentials di satisfy the same algebra as the coordinates: 

= -£ijkdk, 
and therefore they can be represented as 

di = 'q^^' 

The adjoint action of Ri on a function / generates rotations of Xi, hence 

L-if = [Ri, f] , 

where Lj denote the generators of angular momentum. The integral over the fuzzy sphere is 
given by the trace with respect to the matrix space, 

47rr^ 

The constant prefactor ensures the correct commutative limit, which is accomplished by kee- 
ping r fixed and taking G — t- (corresponding to j — t- oo). The non-commutative Moyal 

2 

plane is recovered in the limit r — )■ oo and keeping B fixed (corresponding to j — )• ^). The 
non-commutative parameter G is fixed by the radius relation: 



G 



^2 



It can be regarded as the elementary area on the sphere, which becomes obvious after a rescaling 

" + " 2^' 
Gauge fields are introduced via the covariant derivatives 

Di = di- iAi, 

where are Hermitian N x N matrices. The field strength is given by 
i^- = [Di,Dj] -^Dk- 
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Gauge transformations read 

where g is a U{N) matrix. The restriction of the gauge field to the sphere is expressed as 
Xf = leading to 

XiAi + AiXi-QA^ = 0. (3.14) 
Hence, the action for the gauge field is given by 

Sg = ^ Tr FijFij. 

A complex scalar field $ is coupled to a gauge theory using the minimal coupling: 

^[^'^] = Q2N^' ([^-^^l [^'^^] + > (3.15) 

where covariant coordinates Xi = Xi + QAi are used. For an earlier reference, see e.g. [T^- In 
the following we will discuss some approaches to gauge theory and their results. 

Some topological aspects, such as instantons, monopoles and the axial anomaly have been 
studied in [78l [79l 1212] . Although conventional lattice regularizations have problems dealing 
with those aspects, they can be treated on the fuzzy sphere in a natural way. 

The UV/IR mixing for U{1) gauge theory on the fuzzy sphere was studied in [82]. The 
quadratic effective one- loop action was explicitly calculated and a gauge invariant UV/IR mixing 
was obtained to persist in the limit iV — )• oo. The authors also predict a first order phase 
transition from the one-loop results which has been observed in lattice calculations, see e.g. [213] 
183] . The constraint (|3.14p can be interpreted as a scalar excitation tangential to the sphere. 
Adding a large mass to this scalar mode the UV/IR mixing completely decouples from the 
gauge sector in the large N limit. 

H. Steinacker used random matrix techniques to evaluate the path integral for U{N) gauge 
theory by integrating over eigenvalues [81]. This allows to compute the path integral explicitly. 
The starting action is given by 

S = T^^^Tr ( ( BiB' - ^^^^) + {B^ + ieijk&B''){& + ie^"44)^ , 
where the Bs are covariant coordinates, 

B, = Biaf = i^f + iioi° + A.at", 

where is the identity matrix, denote the Gell-Mann matrices for SU{N), and A-^-* = Ri 
has been defined in equation (|3.13p . The partition function of the undeformed U{N) Yang- 
Mills theory on the classical sphere is recovered in the large N limit, as a sum over instanton 
contributions. The monopole solution could be calculated, but for obtaining 1/A^ corrections 
the calculations were too involved. The earlier work [8^ is in the same spirit, where the authors 
also expand around the classical solution of the fuzzy sphere. They formulate U{1) and U{N) 
gauge theory and additionally add a Chern-Simons term. 

We have seen in Section 13.2.21 that a Seiberg-Witten map has been calculated for a non- 
canonical deformation, the K-deformation. This has also been done for the case of the fuzzy 
sphere [214] . In the limit r — )• oo, the canonical expressions are recovered. 
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The phase structure of the non-commutative U{1) gauge theory has been obtained in [83], 
using a Monte Carlo simulation. It shows three different phases: A matrix phase, which is es- 
sentially SU{N) Yang-Mills reduced to a point; a weak coupling phase with a constant specific 
heat; and a strong coupling phase with a non-constant specific heat. The order parameter is 
given by the radius of the fuzzy sphere. The different phases meet at a triple point. Simi- 
lar non-perturbative structures are obtained on canonically deformed spaces mentioned in the 
introduction to Section [2j 

Fuzzy spaces have also been discussed in connection with particle phenomenology. In |215j 
(see also references therein), gauge theories in higher dimensions are discussed, where the extra 
dimensions form a fuzzy space. The additional degrees of freedom are interpreted as Kaluza- 
Klein modes. After dimensional reduction some remarkable features are obtained. The gauge 
group is broken dynamically, and depending on the parameters of the model, the Standard 
Model group can be obtained at low energies. 



3.4 Yang— Mills matrix models 

In a series of papers [1091 11101 HIH 11121 12161 11131 1217] . a different interpretation of the origin of 
the UV/IR mixing in non-commutative gauge models was given by considering matrix models 
of Yang-Mills type: 

5ym = -Tt[X^,X'] [X',X'']r]acr]M, (3.16) 

where rjab denotes some D dimensional embedding space. The X"' are Hermitian matrices acting 
on a Hilbert space H. In the simplest case, these matrices represent generalized "coordinates", 
and if some of them are functions of the others, in the semi-classical limit X ^ x one can interpret 
these as defining the embedding of a 2n-dimensional submanifold Al^" G 11^ equipped with 
a non-trivial induced metric 

g^u{x) = d^x"-dux''r]ab, 

via pull-back of ijat- This submanifold could then e.g. be our (non-commutative) 4-dimensional 
space-time A4'^ endowed with a Poisson structure B^'^ ~ — i[X^, X'^~^ . In fact, the Poisson struc- 
ture Q'^'^ (assuming it is non-degenerate) and the induced metric g^i, combine to an "effective" 
metric 



det e;:,; 



which is the one that is actually "felt" by matter fields. Furthermore, the matrix model ac- 
tion (j3.16p is invariant under the gauge symmetry X'^ — )• gX^g~^, where g G U{oo), as well as 
under global rotation and translation symmetries. 

It is remarkable that within the matrix model framework four space-time dimensions, i.e. 
€ {0,1,2,3}, play a very special role: From the definition of the effective metric ()3.17p 
follows, that if 2n = 4, one has det Gfj^i, = det 51^,^. This means that the special class of geometries 
where G^i, = g^y (which incidentally corresponds to a self-dual symplectic form G~j^) is a solution 
of the model. Furthermore, in the 4-dimensional case the Poisson tensor does not enter the 
Riemannian volume element, which turns out to stabilize flat space. 

In order to make things clearer, consider a scalar field </> on in the semi-classical limit 
where X"" ~ x"" are mere coordinates: In order to preserve gauge invariance, the kinetic term 
must have the form 
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cf. equation (j3.15p . This semi-classical effective action obviously describes a scalar field on 
a 4-dimensional space-time with metric G^jy, and if = g^u it becomes independent of the 
Poisson tensor Q'^'^ (in this approximation), as claimed above. 

In a further step, it is also possible to add U{N) gauge fields A to the matrix model. To 
show this, we start with the equations of motion of the matrix model action ()3.16p : 

For every solution X'^ of this equation, X'^ ^ Itv is a solutiorl^ as well. The fluctuations in 
the submanifold around such a background can be parametrized by 

y'' ~ (1 + A^'d^,) x^ Af" = -e^^A^(x), 

where the Af^ are some U{N) valued fieldj^. The effective matrix model action then describes 
gauge fields in a gravitational background. However, though inseparable, the U{1) and the 
SU{N) subsectors play very different roles: In fact, the U{1) fields contribute only to the 
gravitational sector, i.e. they represent geometrical degrees of freedom. This means, that within 
the matrix model framework, non-commutative U{N) gauge field theory describes SU{N) fields 
coupled to gravity. 

Furthermore, there has been a recent proposal, how these SU{N) groups may then be broken 
down to smaller ones like e.g. SU{3)c x SU{2)l x U{1)q (which are required to retrieve the 
standard model within this framework) by inducing spontaneous symmetry breaking using extra 
dimensions and fuzzy spheres |218j . 

Of course, much more can be said about matrix models. However, for further details we 
would like to refer to the recent review article in |219] . 

3.5 Other approaches 

We would like to mention two other approaches on non-canonical space-time structures. First, 
we will discuss the g-deformed case and then turn to the recently developed approach on spaces 
with covariant star products. The former case is related to quantum groups, which have been 
developed from the study of integrable systems in the framework of quantum inverse scattering. 
In Sections 13.11 and 13.21 we have already encountered Hopf algebras as generalized space-time 
symmetries. Quantum groups also fall in this category, as they are Hopf algebras with an 
additional ingredient: the so-called i?-matrix. This matrix is a solution of the Yang-Baxter 
equation and bridges the gap to statistical physics. The structures are rather involved and 
therefore not too much is known about quantum field theory or gauge theory on g-deformed 
spaces. 

The latter approach, covariant star products, is especially suited for the discussion of gravi- 
tational effects, but it has also been applied to gauge theory. 

3.5.1 q-deformation 

In this section, we want to discuss the construction of gauge theory on g-deformed spaces. 
These spaces are representations of quantum groups, Hopf algebras which in addition possess 
a so-called i?-matrix. Although we have already introduced some of the notation and definitions 
of Hopf algebras in Sections 13.11 and 13.21 let us be a bit more careful here, see e.g. |220] . 

'^'^One can interpret such a solution as A'' coinciding branes. 

■'^Notice also the similarity to the covariant coordinates we introduced in Section [2.4.31 This is no coincidence: 
In fact, the "induced gauge theory" action (12.411) we discussed in that section is a matrix model one. 
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A Hopf algebra A, denoted by {A,m,r], A, e, S), consists of an associative algebra {A,m,r]) 
with a compatible co-algebra structure, given by the structure maps A, e and S. In detail, 
m : A(^ A ^ A denotes the multiplication and rj the unit map: 

rj : C ^ A, c H> cl_A, 

where 1^ G ^ is the unit element. The multiplication is associative. The structure maps of the 
co-algebra are by definition dual to m and r/: 

A : ^ — > A^A, 1] : A — > C. 
The co-product A satisfies the co-associativity rule 

A o (1 (g) A) = Ao (A (g) 1), 
and for the co-unit e we have a similar defining relation 

(e® 1) o A = (1 ® e) o A. 
The antipode ( "inverse" ) S is defined via the relation 

mo(5(8)l)oA = ?7oe = mo(l(g)S')oA. 

Compatibility between algebra and co-algebra structures means that the co-product A and the 
co-unit e are algebra homomorphisms, i.e. 

A{ab) = A(a)A(6), e{ab) = e(a)e(6), 

with a,b € A. Quantum groups have one additional structure, the i?-matrix. Let be the 
generators of the Hopf algebra. Then the i?-matrix deforms the multiplication in the algebra: 

£>«if,fc f.^ _ f,J nkl 
where R itself is a solution of the Yang-Baxter equation: 

i?12i?23-Rl2 = -^23-^12-^23; (3.18) 
With i?12L'n = ^L^n and i?23i^;^„ = Rt^lnSi. 

Quantum spaces with generators are representations of the respective quantum group. The 
algebra relations of the generators are consistently given by 

p4,x^x^ = 0, 

where P_ is the g-deformed antisymmetric projector, generalizing the commutator, from the 
projector decomposition of the i2-matrix of the respective quantum group. Considering the 
quantum groups GLq{N) or SLq{N), we have the following decomposition 

R = qP+-q~^P^, 
and in case of SOq{N), 

R = qP+- q-^P- + g^-^Po, 
with self-explaining notation. In the commutative limit g — )• 1, we obtain 
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A covariant (with respect to the action of the quantum group) differential calculus also exists 
and can be defined by the following relations: 

dx'dx^ = -q^^R^^%dx^dx\ x'dx^ = q^R^^%dx^xK 

Equivalently, we have for partial derivatives {d = x^di) 

P-Zdidj = 0, BiX^ = 6i + q^^R^^x'^di . 

The relation (j3.18p is also called braid equation. There exists a whole graphical apparatus to 
deal with the braid group. Especially, S. Majid pushed this mathematical approach, which was 
also applied to gauge theory - see [HTj and references therein. 

In [89], S. Schraml computed the Seiberg-Witten maplfl up to first order in h and with 
respect to a normal ordered star product for a 5-Lq(2)-symmetric quantum space, the so-called 
Manin plane. He considered the q'-deformed BRST transformation 

sC = d*C, sEi^ = iC* Ei^ - iEi^ * {Bk^C), 
sAi = did + \[B.PC) -k A,j - \Ai *C, s-4) = \C-k V^, 

where C is the ghost field, Ai denotes the non-Abelian gauge field, and Ei' the non-commutative 
vielbein appearing in the covariant derivatives 

DS=Ei^{dj-iAj)i^. 

The operator Bi^ is introduced for some technical reasons |89| . To first order, the gauge equiva- 
lence relations yield the following solution: 

d = C + jx^x^ {{d2C)Ai - A2{diC)) + 0{h^) , 

Ai = Ai + hA\'^ + O {h^) , E^ = si + hE^'h^ + O {h^) , 

where 

^5^^ = {2x^d2 + x^di)Ai + 2ix^AiA2 - ]<t?A2Ax + ix^ A^A^ 

= (xl^i + 2x2^2)^2 + ^xMsAi + ix2^2^2 
+ )^X^X^[-A2Fx2 - 92^2^1 - ^29l^2), 

and 

= -i(2xMi + x^A2) , = -21x2^1, 

E^^\^ = 0, E^^\^ = -ih{x^Ai + 2x2^2) . 

The same approach was also studied in |90j . see also |88j . There, gauge theory is formulated on 
Euclidean g-deformed 2-dimensional spaces generated by i, z with relation 

zz = q'^zz, 

^^The expansion parameter h is defined hy q = . 
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which is covariant under the quantum group Eq{2). In order to formulate an action, one uses 
the Hermitian star product 

(/ * g){C, C) = mo e'^K^c^C^f-CA-^C^c) 
and the integration measure ^ = such that 



dCdCfiifkg)iCX)= dCdCKgkf){C,0= dCdCfigiCX)-fiC,C)- 



This property of the integral implies that a variational calculus can be applied, and the gauge 
invariant action reads 

S= [ dCdCfiFukF, 



12, 

where F12 is the (7-deformed non-Abelian field strength. 

Non-perturbative methods have been applied e.g. in [SB]. D.V. Boulatov discussed a 3-di- 
mensional lattice gauge model with g-deformed gauge group Uq{SU{N)) applying the graphical 
calculus mentioned above. He formulated the partition function and discussed some topological 
invariants. In the continuum limit, the partition function is given by a 3- fold invariant which co- 
incides with the so-called Turaev-Viro invariant. Furthermore, he conjectured that a continuum 
limit exists, where both deformed Yang-Mills and Chern-Simons terms are recovered. 

Due to the involved structure in the quantum group case, not many results are available, and 
the conducted work is mainly restricted to the formulation of models and to the discussion of 
rather general properties. The computation of Feynman rules and explicit perturbative (one- 
loop) calculations are still missing. 



3.5.2 Gauge theory with covariant star product 

In this section, we will consider a covariant star product with respect to diffeomorphism trans- 
formations. In |221j such a star product was constructed for differential forms on symplectic 
manifolds, and generalized to the case of Lie algebra valued differential forms in |222j . This ap- 
proach was also applied to non-commutative gravity, see |223j . The starting point is a symplectic 
structure Q'^^, which is non-degenerate and closed, 

{f,g}=e^^''d,fd,g. 

The Poisson bracket of a function / and a form a can be written as 

{/,«} = e^'^Vv.a, 

the action of the connection V on basis 1-forms is given by 
V^dx'" = -TJ^^dx". 

In general, the connection is not torsion-free, therefore two connections V and V can be defined, 
acting on 1-forms as 

V^dx'" = -rj^^dx", V^dx" = -t^dx" = -Vl^dx". 

The star product for two Lie algebra valued differential forms a and /3 then reads 

a*/3 = a/3 + ^ | C„(a, /?) = a'^/J^T'^T^ + J] M C„,(a^ /3'')^'^^^ (3.19) 

n=l ^ ^ n=l ^ ^ 
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The bidifferential operators Cn are provided in [222j up to second order in h. The first order 
term is given by 

CiK,/3^) = {a^/3^} = e'^'^ (v^a"V,/3^ + (-l)l"li?-e(v«")(v/3')) , 

where \a\ denotes the degree of the differential form a, R^iu the curvature of the connection V, 
and ip the usual interior product of forms. 

This star product is covariant with respect to (coordinate) diffeomorphism transformations 
in the following sense: 

(a*/5)' = a' V/3', 

where a — ?• /3' is the usual diffeomorphism transformation of forms, and V is obtained from 
equation ()3.19p by transforming the symplectic structure and the connection. 

Due to the problems already described Section [2l the star product does not close in a general 
Lie algebra, so only Lie algebras such as U{N) can be considered as gauge groups, unless one 
extends the gauge group to its universal enveloping group or applies Seiberg-Witten maps. The 
field strength is introduced as 

F = ^^dx^^dx'F^, = dA-]^[A*A]. 

Furthermore, the following non-commutative action is suggested in |222j : 

-S'nc = * ^P'^ * ^'"^ * -^o-m)' 

where (• • • ) denotes the integration |224j . and the "covariantized" metric of the non-commu- 
tative background space, such that under a non-commutative gauge transformation 

<53jG^^ = i[AtG^^]. 

Assuming the gauge transformation of the metric, the action is by definition gauge invariant. 
Furthermore, the integral is cyclic in the semi-classical limit. 

4 Concluding remarks 

In this review we hope to have given an overview of the different current approaches to con- 
structing gauge models on deformed spaces. Supersymmetric models have been omitted since 
that would have been a review of its own. Our main focus, however, was on the simplest case 
of a deformed space, namely Euclidean Groenewold-Moyal space, and gauge models formu- 
lated thereon. But we have also covered a range of various approaches on non-canonical spaces. 
Especially on those spaces, the generalization of space-time symmetries to Hopf algebraic struc- 
tures is an essential point and provides some guiding principals. We hope that insights from 
all the different approaches will lead the way to the construction of a renormalizable model for 
non-commutative gauge theory. 
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